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Abstract

We develop a miscible displacement model for the coupling of fluid—poroelastic structure interac-
tion (FPSI) with transport. The FPSI model couples the Stokes equations for the free fluid with
the Biot system of poroelasticity via dynamic and kinematic interface conditions. The FPSI sys-
tem is coupled with an advection—diffusion equation for the transport of a substance within the
fluid. The model is two-way coupled and nonlinear, with concentration-dependent fluid viscosity
and velocity-dependent advection and diffusion—dispersion. We establish existence and unique-
ness of a weak solution via analysis of the decoupled subproblems and a fixed-point iteration
argument. We then consider the finite element approximation of the model and obtain stability
and error estimates for the semi-discrete continuous-in-time formulation. Computational exper-
iments are presented to verify the theoretical convergence rates and to illustrate the feasibility
of the method to simulate physically realistic transport in channelized poroelastic media.

1 Introduction

The interaction of a free fluid with an adjacent poroelastic medium, referred to as fluid—poroelastic
structure interaction (FPSI), has a wide range of applications, including coupled surface—subsurface
hydrological systems, hydrocarbon production in fractured reservoirs, design of industrial filters,
arterial flows, and modeling of organs, such as the lung and the brain. The model couples the
Stokes or the Navier—Stokes equations for the free fluid flow with the Biot system of poroelasticity
via dynamic and kinematic interface conditions. The system exhibits features of both coupled free
fluid—porous media flows [4,31,33,39,42,46, 53] and fluid-structure interaction [6,17,45]. There is
a growing literature on the mathematical and numerical modeling of the FPSI problem in recent
years. For mathematical analysis we refer the reader to [1, 7,20, 21,43, 44,49, 52, 55]. Analysis
of various discretization methods, splitting methods, and preconditioning techniques can be found
in [1,3,5,9,14-16,19,20,22-24,30, 43,44, 49,51, 55].

On the the other hand, many applications involve the coupling of the FPSI system with the
transport of a substance within the fluid, such as contaminant tracking and cleanup in hydrological
systems, drug delivery and low-density lipoproteins (LDL) transport in blood flows, and proppant
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injection in hydraulic fracturing. The FPSI-transport problem has been significantly less studied.
A one-way coupled Stokes—Biot—transport model was first developed and analyzed in [2]. One-way
coupled FPSI-transport models are employed in [54] for simulations of drug-eluting stents and
in [13] for modeling bioartificial organ scaffolds. To the best of our knowledge, two-way coupled
FPSI-transport models have not been studied in the literature.

In this paper, we develop a nonlinear two-way coupled Stokes—Biot—transport model based on the
classical miscible displacement model [32,35]. We consider the quasistatic Stokes—Biot problem and
employ a variational formulation using velocity—pressure for Stokes flow, displacement for elasticity,
and velocity—pressure for Darcy flow as the main variables. Similar to [3], a pressure/stress Lagrange
multiplier is utilized to impose weakly the continuity of normal velocity, which is essential in this
formulation. The Stokes—Biot system is coupled with an advection-diffusion transport equation for
the concentration of a substance within the fluid. The system is fully coupled, with the fluid viscosity
depending on the concentration and the convective and diffusion—dispersion terms in the transport
equation depending on the fluid velocity. For the analysis of related two-way coupled Stokes—Darcy—
transport or Navier—Stokes—Darcy—transport models, we refer the reader to [25,26,48,56]. Two-way
coupled non-isothermal Biot-transport models have been studied in [11,12,18].

The main contributions of this paper are as follows. In the first part of the paper we establish
existence, uniqueness, and stability of the weak solution of the coupled system, which is done in
several steps. First, we consider the decoupled and linearized subproblems and employ a Galerkin
approach based on space discretization to establish their well posedness. The theory of differential
algebraic equations (DAESs) is utilized for the existence of the semidiscrete Stokes—Biot solution. A
key ingredient is constructing compatible initial data for all variables. The theory of ordinary differ-
ential equations (ODEs) is used to obtain existence and uniqueness of a solution of the semidiscrete
transport equation. Stability bounds are then established, followed by a compactness argument and
passing to the limit to obtain well posedness of the continuous problems. This step requires a bound
on the divergence of the Darcy velocity, which in turn is based on bounding the time derivatives
of the displacement and Darcy pressure. The next step is establishing well posedness of the fully
coupled nonlinear problem. For this purpose, motivated by the approach in [12], we consider an
iterative algorithm, where the two subproblems are solved in an alternating fashion. We establish
a contractive property of the iteration, which allows us to conclude that it converges to a solution
of the coupled problem. We further establish uniqueness of the solution. In the second part of
the paper we consider a semidiscrete finite element approximation to the fully coupled problem,
based on stable Stokes and Darcy velocity—pressure pairs, H'-conforming finite elements for the
displacement and concentration, and a non-conforming finite element space for the Lagrange mul-
tiplier. We establish well posedness using the framework developed for the weak formulation and
derive error estimates with convergence rates for the numerical solution. Numerical experiments
using a fully discrete method with backward Euler time discretization are presented to verify the
convergence rates and illustrate the performance of the method for the simulation of physically
realistic transport in channelized poroelastic media.

The outline of the paper is as follows. In Section 2, we present the mathematical model and
its weak formulation. Section 3 is devoted to the well posedness of the decoupled and linearized
subproblems. The analysis of the fully coupled nonlinear problem based on the convergence of the
iterative algorithm is presented in Section 4. The semidiscrete numerical method is introduced in
Section 5, where well posedness of the method is established. The error analysis of the method is
developed in Section 6. Section 7 is devoted to the numerical experiments.



2 The coupled model and its weak formulation

2.1 Stokes—Biot—transport model

Let Q ¢ R?, d € {2,3}, be a union of non-overlapping polygonal regions € ¢ and €. Here Qy is a
free fluid region with flow governed by the Stokes equations and €2, is a poroelastic region governed
by the Biot system. Let I'y, = 02y N 09, denote the (non-empty) interface between these regions
and let I'y = 0Qf \ 'y, and T’y = 09, \ 'y, denote the external parts on the boundary 02. We
denote by n; and n, the unit normal vectors that point outward from 0€2; and 0§}, respectively,
noting that ny = —n, on I'y,. Let (u,,ps) be the velocity-pressure pair in ,,« € {f,p}. Let
7, be the displacement in €2, u(c) be the fluid viscosity that depends on the concentration c of a
substance of a solute transported by the fluid, f, be the body force, and ¢, be external source or
sink terms. In the free fluid region €2, the velocity uy and pressure py satisfy the Stokes equations

—V'O'f:ff, V-uf:qf in QfX(O,T], (2.1&)
ur=0 on I'Yx(0,T], om;=0 on T} x(0,7], (2.1b)
1
where o5 = —psI + 2u(c)e(uy) is the Cauchy stress tensor, e(uy) = 3 (Vuy + (Vuy)') stands for

the deformation rate tensor, 7' > 0 is the final time, and I'y = F? U Fﬁy. We assume that \I‘?\ > 0.

In the poroelastic region 2, we let I'), = FI? U Fév = 1;5 U f}],V and consider the quasi-static Biot
system

~V-o,=1%,, plc)K tu,+Vp,=0 in Q,x (0,77], (2.2a)
o) .

a(sop}? +aV- np) +V- Up =¢p 1 QP x (Oa T] > (22b)
pp=0 on TP x(0,7], u,-n,=0 on I} x (0,77, (2.2¢)
m,=0 on I'Px(0,T], opyn,=0 on T x (0,77, (2.2d)

where the poroelastic stress tensor o, and the Cauchy stress tensor o, are defined, respectively, as
Op =0¢ — appI, Oc = Ap(v : 77p)I + 2”1)6(77;7) >

where
0< )\rnin < )\p(X) < )\maxa 0< Hmin < ,Up(X) < Hmax (23)

are the Lamé parameters. In addition, o > 0 is the Biot-Willis constant, sg > 0 is a storage
coefficient and K is a symmetric and uniformly positive definite rock permeability tensor, satisfying,
for some constants 0 < knin < kmax, VE € R4,

kmin €€ < E'K(X)€ < kmax€'€ VX €Qp. (2.4)

We assume that |F£ | >0 and |f‘pD | > 0. In addition, to simplify the characterization of the normal
trace of the Darcy velocity on I'f,, we assume that dist(FI’?,Ffp) > s > 0. We assume that pu(-)
belongs to C'(R* U {0}) and there exist positive constants pur, uy, and iy, such that for any
r € RT U {0},

0<pr<p(r)<py and |@'(2)] <o (2.5)
We further assume that both u(-) and p/(-) are Lipschitz continuous, i.e., for all x,y € R™, there
exist positive constants L and Lo such that

(@) = p)| < Lile —yl and  |p'(z) — 1/ (y)] < Lo |z —y]. (2.6)



The coupling conditions on the fluid-poroelasticity interface I'y, x (0, 7] are mass conservation,
balance of force, balance of normal stress, and the Beavers-Joseph-Saffman (BJS) slip with friction
condition:

on
uy-ng+ <8tp+up> n, =0, —(oyny) -ng=p,, (2.7a)
~1 ony,
crfnf+crpnp:0, *(O'fnf)~7'f7j :,U/(CO)QBJS Kj llf*ﬁ *Tfis (27b)

where 775, 1 < j < d — 1, is an orthogonal system of the unit tangential vectors on I'y,, K; :=
(KTyfj) - Tfj, apss > 0is an experimentally determined friction coefficient, and pu(co(x)) is the
viscosity on the interface, where co(x) is the initial concentration (see below (2.10)).

We set the initial condition as follows:

Pp(x,0) =ppo(x) in Q.

The initial data of the remaining variables are constructed to satisfy a compatibility condition. The
details are discussed in Theorem 3.2.

The Stokes—Biot model is coupled with the following transport equation for the solute concen-
tration c(x,t) in Q:

qb% +V-(cu—-D(u)Ve)=¢qg¢ in Qx (0,77, (2.8a)
c=0 on TIyx(0,7], (cu—D(u)Ve)-n=0 on Ty x(0,7], (2.8b)

where n is the unit outward normal vector to 92 and 99 = I';;,, U T'y;. We assume that [T';,| > 0.
The choice of boundary conditions is made for simplicity. More general boundary conditions can
also be handled. In addition, 0 < ¢, < ¢(x) < ¢* < 1 is the porosity of the medium in €2, while in
Qy it is set to be 1, u is the velocity field over the entire domain €2, defined as u|q, = uy, ulg, = u,
q is the source term given by q\Qf = qf, qla, = gp, respectively, whereas ¢ is defined as follows:

injected concentration ¢, for ¢ >0,

o
I

resident concentration c, for ¢ < 0.

Letting ¢ = max{q,0} and ¢~ = min{q, 0} results in q¢ = q¢, + ¢~ ¢. The diffusion-dispersion
tensor D(u) in (2.8) is a non-linear function of the velocity that combines the effects of molecular
diffusion and mechanical dispersion, defined as:

¢dmI in Qf,
D(u) = . (2.9)
¢dpn I+ |u|[yE() + o (I-E(u))] in Qp,

where d,, is the molecular diffusivity, the constants a; > 0 and a; > 0 are the longitudinal and
transverse dispersion, respectively, and E(u) is the projection tensor onto the direction of u with en-
tries (E(u));; = % Here, for a vector ¢ € R, |¢|? = ¢'¢. The transport model is complemented
by the initial condition for the concentration,

c(x,0) =cp(x) in Q. (2.10)

Remark 2.1 The choice of homogeneous inflow condition ¢ = 0 on 'y, is made merely for sim-
plicity of the presentation. The analysis can be easily extended to the case ¢ = ¢ on I'yy.



2.2 Weak formulation

Let (-,)q,, * € {f,p}, be the L?(€2,) inner product for scalar or vector valued functions. We use
(-,+) to denote the L?(Q) inner product. Let (-, '>Ffp be the L?(T'f,) inner product or duality pairing.
We will use the standard notation for Sobolev spaces [27]. For a scalar space U, the space over the
vector fields with components in U is denoted by U. We will use C to denote a generic positive
constant independent of the discretization parameter.

We start by introducing the functional spaces for the Stokes region 2, the Biot region (), and
the transport region 2 = QU Q,;:

V= {vieH'(Q): vy=0 on TP}, Wy = LX(Qy),

V, = {vp € H(div;Q,) : vp-n,=0 on Ff,v} , Wy = L3(Qy),

X, ={¢, e H'(@,): & =0 on [P}, Xe={ve H'(@): ¥ =0 on Tuj,
where H(div; Q) := {v eL2(Q,): V-ve LQ(Qp)} endowed with the norm

IVl aive,) = IVIE2e,) + 11V - ViT2@,)-

The above spaces are equipped with the norms

HVfHVf = ”Vf”Hl(Qf)a waHWf = waHLQ(Qf)a
Ivpllv, = IVpllm@ivey) » wpllw, = llwpllzz,) -
1€pl1x, = [1€pller () s 1Wllxe = 19l (q) -

Let 0; := %. We introduce the Bochner spaces equipped with norms:

T T
Ielsorn = [ ek i, Telnorm = [ (le@lk+1ae@l) d,

el = esssup el lellwrsorx) = esssup { io(t)1x + B (t)l1x } -
te[0,T] te[0,T]

We derive the Stokes-Biot weak formulation by testing (2.1)—(2.2) with arbitrary vy € Vy,
wy € Wy, &, € Xp, vp € V), and wy, € W), and integrating by parts the terms involving V - o,
V - op, and Vp,. This results in the following forms related to the Stokes, Darcy, and elasticity
operators:

aglup,vric) = (u(c)e(up), e(vi)a,.  allup,vyic) == (K "0 vp)a,.
ap(Np: &p) = (2upe(ny), €(§p))a, + MWV -1,V -€p)a,,
bi(Vi, wy) i= =(V - v, wi)a,, € {f,p},  be(§y wp) := —=(V - €, wp)a,,
and the interface term:
Il“fp = <Ufnf>Vf>rfp - <Upnp>€p>pfp + (Pp, vp - np>rfp .
Introducing the Lagrange multiplier

A=—(oms) ng=p, on Ty,



and using the second equation in (2.7a) and (2.7b), we obtain

Iry, = apys(uy, OMp; vy, ép) +br(vy, vp, 38 A,

where
d—1
aps(up,my; vy, &) == apys Y <H(CO)\/F(UJ‘ =) Trg (Vi —&p) - Tf,j> :
j=1 Lpp

bF(Vf,Vp,Sp; )\) = <Vf ‘g + (sp + Vp) sy, )\>Ffp

We observe that, for any v, € V, C H(div;$,), v, - my|r,, can be identified as a functional in
H~'/2(T';,) when dist(FZ’?, T'sy) > s> 0 (see [3] for details). Therefore we take A € A := HY/2(I's,)
with a norm || - ||a == - ||H1/2(Ffp)v which guarantees that br is continuous.

The continuity of normal flux condition, cf. the first equation in (2.7a), is imposed weakly by
testing with a function v € A. Finally, the transport equation (2.8) is tested with an arbitrary
function ¢ € X.. We thus arrive at the following weak formulation of the coupled Stokes—Biot—
transport problem.

(P) Given fy, £, gp, qr, ¢, and ¢y, find (ug, py, m,, Wy, pp, A, €) [0, T] = Vi x Wy x X, x Vi, x W), %
A x X, such that for a.e. ¢ € (0,7] and for all vy € Vy, wy € Wy, §, € X, v, € Vy,, wy, € W),
vel and ¢ € X,

ar(uf,vyie) +bp(ve,py) +apys(ug, 0my; vy, 0) +br(vy, 0,0;0) = (£, vy)a, (2.11a)
—br(up,wy) = (qr, wr)a, , (2.11Db)
ay(My,€p) + abe(€p.pp) + apys(uy, 9my; 0,€,) +0r(0,0,€:0) = (£, €p)q, (2.11c)
al(up, vp; €) + by(Vp, pp) + br(0,v,,0;A) =0, (2.11d)
$0(0tpp, wp)a, — be(Temyy, wp) — by(up, wp) = (gp, wp)e, , (2.11e)
bp(uf,up,f)mp;y) =0, (2.11f)
(gb@tc, 1/)) + (D(u)Vc, vd}) - (Cll, VT/}) - (q_c,¢) = (q+cw,¢) . (211g)
We next define the following seminorm on the interface I'y, for vy € V¢ and §, € X,
d—1
lvi— £p|2BJS = 21 <(Vf =&) T (vi—§&,)- Tf7j>Ffp ’
]:
and the following product norms:
15 Vo) R v, = VeI, + 1all, s 1Gwpswp, )y, cwxa = lwsllfy, + llwpllfy, + VIR -

We now establish stability properties for ay, ag, ap, and ap g, the inf-sup conditions for by, by, and
br, as well as a useful result that will be applied later.

Lemma 2.1 Given c € X.. Then, there exist positive constants cy, ol cp, P, ce,ccr, and ¢! such
that for allug, vy € Vg, up, v, € Vy, m,, §, € Xy, there hold

CfHVfH%Il(Qf) <ag(vy,vyic), ay(up,vyie) < ugllm ) villme,)

6



d d
| VpllEza,) < ap(vi, vps ), ay(up, vp; ) < cPlluplrz(q,) VallLz,) -
Ce||€p||%11(np) < ay(§,,&,)s ap(Mp: &p) < Iyl ) 1€pllH1(9,) 5
cilve —€lBrs < aprs(ve €3 vr €y),  apss(up,my;ve, &) < cluy —mylpss vy —€lBus -

Proof. We first recall Korn’s inequality: given x € {f,p}, there exists a constant K, > 0 such
that |le(v)[lL2(o,) = KallVImr(Q,), Vv € {Vy, X} Then, using (2.3), (2.4), and (2.5), we obtain
the results with constants ¢y = 2ur K%, ¢ = 2uy, ¢p = pr/kmax, & = pu/kmin, Ce = 2ummK§,

c® = 2Nmax + Amaxa cf = OKBJS,UL/\/ kmax» and CI = aBJSNU/\/ kmin- g
Lemma 2.2 There ezists a constant $1 > 0 such that for all (w,v) € W x A, there holds

bf(Vfa wf) + bp(Vpa wp) + bF(Vfa Vp, 05 v)

sup

> B [(wg, wp, V)lwypxwypxa - (2.12)
075(Vf,Vp)€Vf><Vp ||(Vf7vp)||Vf><Vp fr»Wp FXWpx

Proof. This follows from a slight adaptation of the arguments used in the proofs of [33, Lemmas
3.1 and 3.2). O

Lemma 2.3 Let u, € L>=(0,T;L>®(Q,)). It holds that for any ¢ € RY,

V(x,1) € 2 x (0,T],  ¢udi|C> < D(u)C-¢ < (¢dy + (c + ) |ul)[¢]? (2.13)
Assuming that u, € W1°°(0,T;L>°(,)), it holds that for any ¢, x € R,
V(x,t) € Qyx (0,T], oD(u)¢-x < 5(ar+ ay)|opul € - x| - (2.14)

If u;, u% € L*>(0,T;L>*(Q,)), then it holds that for 1 <i,j <d,
V(x,t) € Q, x (0,7T], ‘(D(ul))m — (D(u2))m~‘ < 3(a; + ay)|ul —u?|. (2.15)

Proof. The inequalities in (2.13) follow from the definition of D (cf. (2.9)) and the fact that the
eigenvalues of E(u) are 1 and 0. To obtain (2.14), we observe that in €2, there holds

0D (u) = Oju| [yE(u) + ax(I — E(u))] + (a; — ay)|u|OE(u) . (2.16)
Next, using the fact that 0|u| < |0pu|, we easily deduce that
Oluf [E(u) + (T - E(u))] ¢ - x < (s + ) [0pu] |- x| - (2.17)

In turn, the identity

uu”\  (Gu)ul +u(du)” _ 2(u-du
- ul? ul?

implies that
(a — ar)[u|OE(u)¢ - x < 4(ax + ) |0pu] [€ - x| - (2.18)

Thus, combining (2.16) with (2.17)—(2.18), we obtain (2.14). Finally, (2.15) follows from the follow-
ing property for the (i, j)-entry of [u!|E(u!) — [u?|E(u?), which is established in [35, Theorem 3.1]:

1..1 2,2

< 3lu! —u?|.

] u?

O
The analysis of (P) is challenging due to its fully coupled nature and nonlinearities. To address
these difficulties, we proceed with the analysis in the following steps:



e Consider two linearized and decoupled subproblems, denoted by (LP1) and (LP2).

e Study their semi-discrete Galerkin approximations, (LGP1) and (LGP2), and establish well-
posedness using the theories of differential-algebraic equations (DAEs) and ordinary differen-
tial equations (ODEs), respectively (Section 3.2).

e Derive stability bounds for (LGP1) and (LGP2) (Section 3.3) and pass to the limit to obtain
the well-posedness of (LP1) and (LP2) (Section 3.4).

e Finally, use a fixed-point iteration argument to establish the well-posedness of (P) (Section 4).

3 Linearized and decoupled subproblems

In this section, we introduce and analyze a linearized weak formulation related to (P). To this end,
we first replace the terms ar(uy,vy;c) in (2.11a) and ag(up,vp; c) in (2.11d) with ay(uy,vy; ) and
ag(up,vp;'y), respectively, where v € L*°(0,T; L>(f2)) is given. Next, in the transport equation
(2.11g), we replace the terms (cu, Vi) and (D(u)Ve, Vo)) with (c@, Vi) and (D(6)Ve¢, Vi), respec-
tively, for some given 8 € L>°(0,T;L>(2)). We then consider the following decoupled linearized
problems.

(LP1) Given fy, f), qp, g7, and v, find (uy, ps,m,, up, pp, A) 2 [0, T] = Vi x Wy x X, x Vi, x W), x A,
such that for a.e. t € (0,7] and for all vy € Vy, wy € Wy, €, € X, v € Vi, wp, € Wy, and v € A,

ap(ug,vy;y) +br(ve,pp) +apys(uy, 0my,; vy, 0) +br(vy, 0,0;0) = (fr,vy)a, , a

w W w

_ = e

o =3
N N N N~ N~

(3.
—by(uyp,wy) = (g5, wr)e; (3.
a; 'r]pvgp) + abe (Ep?pp) + aBJS(ufa at,r,p, 0, Ep) + bF(O 0 €p7 ) (fp7€p)§2p )
ag 11 Vpa )+b (Vp7pp) +b1"(0 VP’O )‘) - 0

—~
OJ
Q.

.le

(
(

50(0rpp, wp)a, abe(atnpawp) — by (up, wp) = (gp, wp)a,
( Af

w W
P

—

bF ufaupaatnpa ) =0.

(LP2) Given ¢, ¢y, and 0, find c¢: [0,T] — X, such that for a.e. ¢t € (0,7T] and for all ¢ € X,

(60hc, ¥) + (D(8)Ve, Vip) — (c8, V) — (¢ ¢, %) = (¢ cw, V) - (3.2)

In order to prove the well-posedness of problems (LP1) and (LP2), and following a similar
approach to [12], we introduce their semi-discrete Galerkin approximations by discretizing in space.
We prove the solvability of (LP1) using the theory of differential-algebraic equations (DAE), while
for (LP2), we apply the theory of ordinary differential equations (ODE). We then obtain stability
estimates for the Galerkin solutions, use weak compactness, and pass to the limit to establish the
existence and stability of solutions to (LP1) and (LP2).

3.1 Semi-discrete continuous-in-time Galerkin approximation

Let 73, = 7;Lf U 7, where 7;Lf and 7',30 are shape-regular partitions of {2y and (1, respectively, both
consisting of affine elements with maximal element diameter h. The two partitions match at the
interface I'y,. For the discretization of the fluid velocity and pressure we choose inf-sup stable finite
element spaces V¢, C Vy and Wy, C Wy, such as MINI elements or Taylor-Hood spaces. For the
discretization of the Darcy equation, we choose V, C V,, and W, C W), to be any inf-sup stable



mixed finite element spaces, such as Raviart-Thomas or Brezzi-Douglas—Marini spaces [8]. In turn,
let X, C X, and X, C X, be conforming Lagrangian finite element spaces. Finally, we take a
conforming finite element space A, C A, defined on T |r s+ Which is chosen as follows. If the normal
trace of the space V,,;, contains piecewise polynomials in P on simplices or @3, on cubes with k& > 1,
we take Aj to be the space of continuous piecewise polynomials in P, or (J; on the trace of the
neighboring subdomain grids. Here Py denotes the polynomials of a total degree up to k and Qg
stands for polynomials of a degree up to k in each variable. In the case k = 0, we take A, to be
the space of continuous piecewise polynomials in P; or ()1 on a grid obtained by coarsening by two
the trace of the subdomain grids. This choice is made to ensure inf-sup stability for the interface
bilinear form br, stated in the following lemma.

Lemma 3.1 There exists a constant B2 > 0 such that for all (wp, wpn,vp) € Wep x Wy X Ay,
there holds

sup br(Vin, wrn) + bp(Vph, wpn) 4+ br (Vyn, Vipn, 051)
0£(V v ) EV XV, |(Vrn, Vpr)llv < v,

> B2 [[(wgn, Wphs Vi) [y xw,xA -

(3.3)

Proof. The result is proven in [36] (see also [33, Lemma 4.7] for £ > 1) in the case of velocity
boundary conditions on 92 by restricting the mean value of W, x Wyy. It can be easily verified
that, since |F5| > 0, the result holds with no restriction on Wy, x Wiy, [l

We consider the following linear and fully decoupled semi-discrete problems.

(LGP1) Given f, £, qp, qr, and v, find (Wpn, Dns Mpns Wy Pphs An) = [0, T] — Vg x W X Xpp, X
Vopn X Wpn x Ap, such that for a.e. t € (0,7] and for all vy, € Vyp, wey € Wyp, & € Xpp,
Vo € Vpn, wpn, € Wpp, and vy, € Ay,

af(apn, vinsy) +0p(Vins ppn) + apis(ypn, Ompn; Vin, 0) + br(vien, 0,0;A) = (fr,ven)a, ,  (3.4a)
—bg(usn, wen) = (af, wen)oy (3.4b)
ay(Mphs &pn) + e (Epps Ppr) + aBas(Wpn, Oimpy; 0, &) + 01 (0,0, €03 An) = (£, &pn)0, » (3.4c)
A (Wph, Vi ) + bp(Von, Ppn) + br (0, Vi, 0; Ap) = 0, (3.4d)
30(OtPph, Wph) e, — abe(OeMpp, Wpn) — bp(Wph, Wpn) = (dp, Wph) e, » (3.4e)
br (W gk, Wph, Osmyps vh) = 0. (3.4f)

(LGP2) Given g, ¢y, and 0, find ¢y, : [0,T] — X5, such that for a.e. ¢t € (0, 7] and for all ¢y, € Xep,
there holds

(¢0cch,bn) + (D(O)Ven, Vibn) — (ch®, Vo) — (g~ chston) = (q cw, tn) - (3.5)

Let {cpuf,i}, {CPupﬂ'}’ {90,7”}, {@pf,i}, {(ppp,’i}a {%\,i}7 and {4,0672-} be the basis of Vin, Vpn, Xpn,
Win, Woh, Ap, and X, respectively. We introduce the following matrices:

(MP)ZJ - (Lppwj? (ppp,i)Qp ) (MC)Z] = (¢§Dc,j7 @C,i) )
(Ap)ij = ap(Pu;js Pupii ) (A = ap(@uy s Puyi )i (Aplig = aplen i en i)
(AQ{]S)ZJ = aBJS((puf,ja 0; ‘pujc,iv O) ) (Agejs)ij = aBJS((pqu,jv 0; 0, Sonp,i) )
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(A%15)is = aBss(0, @y 0,0y ;)
(Bf)ij = bp(Puyjs €psi) s (Bplij = bp(Puy jr Pppii) i (Be)ij = be(@n s Pppii) ;
(Byr)ij = br(@u; 5,0,0;003) 5 (Bpr)ij = br(0, @y, j:0;0x4) 5 (Ber)ij = br(0,0,0, 55 0xi);
(D2)ij = (D(O)Veej, Veoei); (D2)ij=—(0pci Vepei); (D2)ij=—(a" ¢ej»Pei) -
For the right-hand side data of (LGP1) and (LGP2), let
(Fep)i = (Er pupidaps (Fgli= By i)a, s (Fap)i = (a5, @ppi)ay ;

(qu)i = (QPv Qppp,i)Qp ; (]:c)z = (q+0w, ‘Pc,i)Q

Next, substituting in (3.4a)—(3.4f), we express the following functions as expansions in terms of
basis functions with time-dependent coefficient vectors:

ufh X, t Zuf, Qouf i uph X, t Zup, Soupza nph X, t anz ‘Pnp,z:

pra(X,t) = pr, Yopis  Dpr(X,t) = pr, )Pppis and  Ap(x,t) = Z/\ )P -

The (time-dependent) coefficient vectors are given by Uy, Up, 7, P, Pps and A. This leads to the
System:

Agty + BSpy + A g0y + Al 50, + BY X = Ty, (3.6a)
—Bfﬁf = qu , (3.6b)
AT, + aBLP, + (Al 6) 0y + A% 50, + BLrk = Fr, (3.6¢)
Al + Bip, + BirA =0, (3.6d)
soMy0¢p, — ozBeﬁmp — Byu, = Fy,, (3.6¢)
Bfrﬁf + prpﬁp + Befﬁmp =0. (3.6f)
This is a DAE system
d
G 2 X(1) +HX(1) = R(1), (3.7)
where
w;(t) 2y 00 A5 0 0 0
up(t) 0 00 0 0 0 0
7, (1) Tt 00 A€, 0 0 0
X@)y=|"'r Rt)=|7% G= BJS
Q pr(t) |’ ®) For | 00 O 0O 0 0 :
Pp(t) Fap 0 0 —aB. 0 soM, 0
A(t) 0 00 —Ber 0 0 0/,
A+ A 0 0 (Bt 0 t (Bf,r)z
0 Ap 0 (Bp) (Bp,l“)
and H= | Ahs) 0 A) 0  aB)" (Ber)
—By 0 0 0 0 0
0 -B, 0 0 0 0
~Bjr B,y 0 0 0 0 /o

Similarly, we take cp(x,t) = >, ci(t)pei in (3.5), where ¢ is the (time-dependent) coefficient
vector. Denoting D := D! + D? + D, we obtain the following ODE system:

A

o) + De(t) = Fo(t). (3.8)
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3.2 Well-posedness of the semi-discrete Galerkin problems (LGP1) and (LGP2)

We next discuss the solvability of the initial value problems associated with (3.7) and (3.8). As-
suming that ¢y € X,, we take initial data

h,0 = Lenco (3.9)

where I, : X, — X is the Scott-Zhang interpolant [50]. Initial data compatible with the DAE
system (3.7) are constructed in the proof of the following theorem.

Theorem 3.2 Let fy € L"O(O,T;V}), f, € L>(0,T;V}), qf € L>=(0,T; W}), qp € L*(0,T;W,),
and v € L*>(0,T; L*(R2)). Assume that co € X, and p,o € Hy, where
1 1

1(co) p(co)
Then there exists initial data (Qgp,0, Dfh,05 Mph,0> Uph,0s Pph,0s A0) € V pr X Wep X Xpp XV pp X W X Apy
such that the Galerkin problem (LGP1), with initial conditions pyn(0) = ppro and 1n,,(0) = 1, 0
has a unique solution. Moreover, the solution satisfies usp(0) = urno, Pra(0) = Prro, Upn(0) =
up;w, and )\h(O) = )‘h70'

Let q= € L>(0,T;L>®()), ¢"cw € L®(0,T; X%), 8 € L>=(0,T;L>°(R)), and co € X.. Then the
Galerkin problem (LGP2) with initial condition c,(0) = cp 0 has a unique solution.

H, = {wPEHl(Qp): KVw, € H'(Q,), KVw, =0 on Fév, wy, =0 on Ff}.

Proof. First, we note that the continuity of the forms established in Lemma 2.1, along with the
assumed regularity of the data, guarantees that all terms in (LGP1) and (LGP2) are well-defined,
resulting in a well-defined DAE system (3.7) and ODE system (3.8). Moreover, (3.7) is linear with
constant coefficient matrices G, H, and a continuous R(¢). Similarly, (3.8) is linear with constant
coefficient matrices M,, D, and a continuous Fe(t).

We begin with proving the solvability of (LGP1). The proof is organized in three main steps:
(1) prove the non-singularity of the matrix G +H and utilize the DAE theory to establish existence
of a solution; (2) construct compatible initial data for all variables; (3) derive an energy estimate
to obtain uniqueness of the solution under a suitable initial condition.

Existence for (LGP1). Existence of a solution of the system (3.7) will be established using the
DAE theory (see, for instance, [10, Theorem 2.3.1]). For the associated initial value problem, we
need to construct initial data for all variables that are consistent with the DAE system. To address
this issue, we consider an auxiliary DAE system by introducing a new variable ug, € X, satisfying

(Wshs Vsn)a, = (OiMpn, Vsn)o, Y Vsh € Xpn (3.10)

and replacing 9;n,;, by ug, in (3.4a), (3.4c), (3.4e), and (3.4f). Next, let us,(x,t) = _; usvi(t)gonwi,
and U, be the coefficient vector. This results in the extended DAE system

- d - s _
G %X(t) +HX(t) = R(t), (3.11)
where X(t), R(t), G, and H are defined, respectively, as follows:
s (t) F, 00000 0 0
(1) 0 00000 0 0
) 7,(t) ] 0 oo ro00 0o o
Xt)y=|uw®) |, Rt)=|F, |, G=]00000 0 0 ,
py(t) Fas 00000 0 0
py(t) Far 0000 0 sM, 0
A(t) 0 00000 0 0.
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Ap+ AFPS 0 0 A% (Bp)* 0 (Bpn)
0 Al 0 0 0 (B! (Bpr)t
0 0 0o I 0 0 0
and H=| (AB5) 0 A% A%,s 0  o(B.)' (Ber)
~By 0 0 0 0 0 0
0 -B, 0 —-aB. 0 0 0
~Bjr  —Byr 0 —B.r 0 0 0 /). -

Note that any solution of (3.11) also solves (3.7). According to Theorem 2.3.1 in [10], (3.11) has a
solution if the matrix wG + H is non-singular for some w € R. We will prove that G + H is non-
singular by showing that the system (G + H)X = 0 has only the zero solution. After eliminating
U, this system results in (G + H)X = 0, which implies

XT(G+H)X =ay(upm, upm;y) + aif(uph, Wpn;y) + ap(Mpn, Mpn)
+ apys(Wn, Mpn; Wshs Mpr) + S0(Pphs Pph)a, = 0.

Lemma 2.1 implies that uyp, = 0, upp, = 0, n,, = 0, and pyp = 0. The inf-sup condition (3.3) with
(W, Wph, Vi) = (Pfhs Pphs An), combined with (3.4a) and (3.4d), gives psp = 0 and A\, = 0, while
(3.10) implies that ug, = 0. We conclude that (3.11) has a solution.

Construction of initial data for (LGP1). To construct discrete initial data that are consistent
with the DAE system (3.11), we first construct data for the continuous weak formulation (3.1). We
then define the discrete data using elliptic projections

Recall that p,o € H), is given. Let u,p := (CO)KVppo We have that u,o € V, N HY(Q,).

Letting Ao := ppolr,, € A and ¢p € X, we conclude that
ag(up,mvp? co) + bp(Vp, ppo) + (vp - 1y, )‘0>rfp =0 Vv,eV,. (3.12)

Next, let (ufo,pr0) € Vy x Wy be the solution to the Stokes problem

d—1

ag(uyo,vyico) +bp(vy,pro) + apss Z <,u(c0)\/Kj_1up70 TV Tf,j>
Jj=1 Tsp
+viongdo)p, = (£7(0),vi)a, Vvpe Vi, (3.13a)
—br(uy,wy) = (qr(0), wy)o, Vwse Wy, (3.13b)

where u, o and )¢ are given as data. The well-posedness of (3.13) is ensured by Babuska—Brezzi
theory (see, for instance, [37, Chapter 2]). Next, solve an elasticity problem for 1, ; € X

a;(np,o’ €p) + Oébe(Sp’pp, — QBJs Z < \/7111) 0" Tfj> Ep Tfj>r
fp
+ <£P ’ np’ >\O>Ffp = ( p( )’gp)ﬂp vﬁp € Xpa (3.14)

where pp, 0, Up0, and Ao are given as data. The solvability of the problem (3.14) is ensured by
Lax-Milgram Theorem [34]. Finally, let us define

us 0 = Eg, (Eo,rp (urolry,) — Eor, (up,olrf,,)> € Hp () C X,,
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where FEor, denotes the extension by zero to 09, Eq, : H'/2(09,) — H(,) is a continuous
extension operator, and H%p (Qp) :={vp e H(Q,): v, =0 on TI,}. Sinceusy=0onIy and

u,o =0 on Fév , their extensions by zero are continuous in the H'/2(9€,)-norm and it holds that

lusollen o) < € (IBor, (wrolg, ez, + I Bor, (polr,, s /200,
< C (ol + Mpollra,,) ) < € (Iugollme,) + Mpollme,)) » (3.15)

where we also used the trace inequality

lell o, ) < Cllellmia,, * € {£.p}. (3.16)

In addition, the definition of u, o implies that
br(ufo, upo,usp;v) =0 Vv eA, (3.17)

and enables us to replace u, - 77 ; in the BJS terms in (3.13a) and (3.14) with (ufo — uso) - 7¢;-

We proceed with the construction of the discrete initial data. Let ug,o := Ispus, where
Iy : HY(Q,) — X,pn is the Scott-Zhang interpolant. Next, let (Wfp.0,P¢h,0, Uph,0, Pph,0, Ab0) €
Vi X Wi x Vi, X Wy, X Ay, be the solution to the Stokes-Darcy problem: for all vy, € Vi,
wrp, € th, Vph € Vph, Wph € th, and vy, € Ay,

ar(Ufn,0,Vensco) +br(Vn, Drno) + aBss(Upn 0, Ush,0; Vien, 0) + br(ven, 0,05 Ap o)
=ays(uyro, Vinico) +br(Ven,pro) + apss(uyo, Us i Vn, 0) + br(ven, 0,05 Ao)
= (£4(0), vsn)a; (3.18a)

—br(usno,wpn) = —by(ugo, wrn) = (qr(0), wrn)o; , (3.18b)
a(Wph,0, Vpri €0) + bp(Vpns Ppno) + br(0, Vipn, 0; Anp)

= ag(up,o, Vphi €0) + bp(Vph, Ppo) + br(0, vipn, 03 X0) = 0, (3.18¢)
— bp(Wpn 0, wpn) = —bp(up0, wpn) = —(V - p(co) " KVpp0, wpn)e, , (3.18d)
br(Wsn,0, Wph 0, Wsh,0; V) = br(Wyo, Up 0, Uso;vp) = 0. (3.18¢)

This is a well-posed Stokes—Darcy problem, due to the inf-sup condition (3.3), the arguments emplo-
yed in [33,42], and the Babuska-Brezzi theory. Finally, let n,,, € Xy be the solution to the
elasticity problem: for all £, € X,

ay (Mph,0s Epn) + abe(&pns Ppro) — aBas(Wpn0, Ush,05 0, &) + 0r(0,0, €5 Ano)
= a’;(npﬂ: Eph) + abe(Ep/wpp,O) - a’BJS(uf,Uv Us,0; 07 £ph) + bF(Ou 07 £ph; )‘0) = (fp(0)7 £ph)Qp ) (319)

where, we use uy,7, 0, Us,0,Pp0, and Ag as data, whereas ugp is the Scott-Zhang interpolant
of us0, and (Wsh0,Ph,0, Uph,0, Pph,0, An,0) is the solution of (3.18). Again, by the Lax-Milgram
Theorem [34], we obtain the solvability of 1, ( as the discrete initial condition. Based on (3.18)-
(3.19), we have constructed initial data (wsn,0, Pfh,05 Mph,05 Uph,05 Pph,0s Ah0> Ush,0) for the extended
DAE system (3.11), which satisfy all equations in (3.11) at ¢ = 0, except for the equations with
time derivatives, cf. (3.6e) and (3.10). With the constructed initial data, these equations at ¢t = 0
determine Oyppy(0) and 0ym,y,(0). Since Oyppn, Oim,y, appear only in (3.6e), (3.10), respectively, the
two equations hold at ¢ = 0, which does not lead to inconsistency with the rest of the equations.
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Therefore there exists a solution to (3.11) satisfying (uz(0),psr(0), 17,,(0), upn(0), ppr(0), An(0),
U, (0)) = (Wrn,0, PfR,0 Mph,0> Uph,05 Pph,0s Ah,0, Ush0)- Using (3.10) to eliminate uy, from the system
results in a solution to the original DAE system (3.7) satisfying (uz4(0), psn(0), 1,,(0), upn(0),
Ppr(0); An(0)) = (Wrn0, Pr,0s Mph,0> Wph,05 Pph,0s Ah,0)-

Uniqueness of the solution to (LGP1). Since (3.4a)—(3.4f) is linear, it is sufficient to prove
that the problem with zero data has only the zero solution. Taking (ff,qy,f,,¢,) = (0,0,0,0) in
(3.4a)—(3.4f), testing it with the solution (wspn, prh, OiMpyp, Uph, Ppn, An), and using Lemma 2.1, yields

t
50||pph(t)”%2(ﬂp) + ||77ph(75)||%{1(9,,) +/0 (||ufh||%11(§zf) + ||uph||%2(9p) + Jugn — 8tnph|2BJ5') ds <0,

so it follows that pyn(t) = 0, n,,(t) = 0, ups(t) = 0, and uy,(t) = 0. Next, combining the inf-sup
condition (3.3) in Lemma 3.1 with (3.4a) and (3.4d), we deduce that ps,(t) = 0 and Ax(t) = 0,
concluding the uniqueness proof.

Existence and uniqueness of a solution to (LGP2). Next, we establish solvability of the
transport equation (3.5), which leads to the system (3.8). Since the matrix M, is invertible, we can
rewrite (3.8) as

50 = M Fo(t) = Mo De(t) = g(t,e(t)) -

Note that g(t,¢(t)) is continuous in ¢, due to the smoothness assumption on ¢, ¢*cy, and 6, and
it is linear in ¢. Therefore, it follows from the ODE theory, see e.g. Picard-Lindel6f theorem, [29,
Theorem 1.3.1], that there exists a unique maximal solution ¢(¢) in (0, 7] satisfying c;(0) = cp 0. O

3.3 Stability of (LGP1) and (LGP2)

In the stability analysis we will use the following inequality.

Lemma 3.3 Suppose that for all t € (0,T],

X2(t) + R(t) < A(t) +2 /t B(s)x(s)ds, (3.20)
0

where x, R, A and B are non-negative functions. Then for all t € (0,T],

X2(t) + R(t) < sup /A(s) —i—/o B(s)ds. (3.21)

0<s<T
Proof. Let a(t) = A+ 2 /t B(s)x(s)ds, where A = supg<s<7 A(s). Then
0
o/ (1) = 2B(O)x(t) < 2B(t)v/a(h) .
implying (\/a(t)), < B(t). Integrating 0 to t gives
Val(t) < +/a0) +/ B(s)ds = \/Z+/ B(s)ds.
0 0

Since (3.20) gives x2(t) + R(t) < a(t), the above inequality implies (3.21). O
The stability bound mentioned above is now stated.
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Theorem 3.4 Assume that f; € LOO(O,T;V}), f, € Hl(O,T;X;), qr € L>(0,T; W}), a4 €
L0, T;Wy), v € L>®(0,T;L>(2)), and ppo € Hy. Then, for the solution of (LGP1), there
exists a positive constant C' independent of h and sg such that
Vo llpprll Lo 0.7:w,) + IMpnll e 0,7.x,) + agnllzzorv ) + Irllzeorwy)
+ llupnll20,72(0,)) + 1Pprllz20.0w,) + Al 20758) + [0n — Ompnlz20.1;B05)

<C (HffHL?(QT;V}) + 1€l 22 0,mx1) + 19ekpll L2 0,71 + lapll 2 (0,7w7)

HY(Qp) + HM(CO)_IKvpp,OHHI(QP)> . (322)

+ ||Qf||L2(0,T;W;) + [[pp.ol

Moreover, if ff € H'(0,T;V%), f, € H*(0,T;X},), ¢y € H'(0,T;W}), g, € H'(0,T;W,), and
v € WEe(0,T; L*®(R)), it holds that
VS0l Owppnll Lo 0.0:w,) + [10mpnll Lo 0.7:x,) + [100agnllL207,v ) + 10ep sl L2 0,75w))
+ 10rapnll 20, 712(0,)) + IV - Wpnll e 0,1:22(9,)) + 10tPprll L2 0.7:w7,)
+10eAnll L20,7;0) + 10 — OumpnlL2(0,1;8.9)

<C (HffHHl(O,T;V}) + Ml 0,m:x) + 10utnllLro,0xy) + lagll o, rwry + ol o,15m7)

+——(Ippollsa,) + l1e0) ™ KVBpoll g0y + I O)llv, + g ), + 150 lwy) ) -

(3.23)

1
N

Assume that g~ € L°°(0,T; L>®()), q*cyy, € L¥(0,T; X%), 8 € L=(0,T;L>(Q)), and co € H(Q).
Then, for the solution of (LGP2), it holds that

lenll oo 0,1 2)) + llerll 20, x.) < C V/exp(LT) (”COHHl(Q) + ||Q+Cw||L2(o,T;Xg)) ; (3.24)

where L = [672D(0) V2012 . e e
Whoo(0, T; L>°(Q)), it holds that

Furthermore, if ¢Tc, € L>(0,T;L*()) and 6 €

10cenll 20,102 (0)) + llenllLe0.1,x,) < C Vexp(LT) (HCOHH1(Q) + Hq+0wHL2(o,T;L2(Q))) - (3.25)

Proof. Taking (Vsn, Wk, Epny Vphy Wphs Vi) = (Weh, Dfhs OtMphs Uph, Pphy An) in (3.4a)—(3.4f), summing
the equations, and integrating from 0 to ¢t € (0,7 gives

S0 1
5 llppn ()13, + §a§(77ph(t)7 Npn(t))
t
+ /0 (af(ufhauth’Y) + al(upn, apn; ) +aBJS(ufh,amph;ufh,3t77ph)>d5
S0 1
=5 ||Pph(0)”t2zvp + B ap(M,1(0),1,,(0))

t
+ /0 ((ff7ufh)Qf + (£, Ompn) e, + (Gp, Ppr)a, + (Qfapfh)ﬂf)dS- (3.26)

t
For the term / (£, Ompn ), ds we employ the identity
0

t . t
/(; (fP’ 8tnph)9p ds = (fpv nph)Qp 0 - /0 (atfpa nph)Qp ds. (327)
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We combine (3.26) and (3.27) and use the coercivity and continuity of ay, ag, ay, and ap;g from

Lemma 2.1 and the Cauchy—Schwarz and Young’s inequalities to obtain, for € > 0,
t
mMMM%+MMm&+A(WM%+WMé@ﬁmﬂ4%m%§w
t
SCI%NW%+MM@&JWMW&ﬁAH%MMMMMM%
C

C t
~ 2 ~ 2 2 2
+ I, + 2 [ (1518, + lapl, + lasliy,) ds

t
+ﬂ%mmqwﬂ(wm&+wm%+mm%3m. (3.28)

In turn, by using the inf-sup condition (3.3), combined with (3.4a) and (3.4d), we deduce

B |0 Py An) I < sup br(Vin,pen) + bp(Vph, Ppn) + b0 (Ven, Vpr, 05 Ap)
P T T A v EV XV, (Vg vpr) v x v,

- sup (Fr,vin)a, — ag(Upn, Vinsy) — af(Wpn, Vi v) — apys(Wgn, Ompn; Vin, 0)

0 Vo) EV XV (v ghs V) llv v,

< C (Irllvy, + lagallv, + Il + lugn = dmylzss) - (3.29)

where we used the continuity bounds from Lemma 2.1 and the trace inequality (3.16). This yields

t
| (e, + iy, + 10a13) ds
0 (3.30)

t
scémm&+wﬁ&+wm@@ﬁmﬁ4mMaaw.
Combining (3.30) with (3.28) and taking e small enough, we obtain
so lppn (13, + lln,n (),

t
+A(wm&+mm@@ﬁww—awﬁm+mw%+mmh+ww@w

t
§C<AOWK@H@%&;Hmﬁ%+MM%)%+MﬁMM

t
+ [1ppn (0) I3y, + 17, (0)lI5,, + 1£5(0) %, +/0 108 lIx, 17 1%, dS) : (3.31)

To bound the initial values, recall that (uz,(0),psn(0), 17,,(0), Wpn(0), ppr(0), An(0)) = (Wrn,0, Prh,0
Mph,0> Uph,05 Pph,0s Ah,0), the initial data constructed in Theorem 3.2, cf. (3.18) and (3.19), where
Ugp 0 = Ispus is used as data. The continuity of the Scott—Zhang interpolant Iy, bound (3.15),
the definitions u,o = —pu(co) ' KVp,o and Ao = ppolr,,, and the stability of the Stokes problem
(3.13) imply that

lusnollnicay) < € (Ippollisa,) + (o)™ K Vppollm o) + I1£:0) vy + las(©)lw;) - (3.32)

Using (3.32), the stability of the discrete Stokes-Darcy problem (3.18) [33,42] and the discrete
elasticity problem (3.19) imply

lasn ()R, + upn (O3, + I Ok, + 124 0) Iy, + llppn(0)1Fy, + A (0)IIF
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<C (pr,o 1, + 11(c0) " K Vppollin g, + (0 15%, + Hff(O)H%f} + ||Qf(0)H%/v}> - (3.33)

t
Combining (3.31) and (3.33) and using Lemma 3.3 for the term / 10epl1x, 1,1 %, ds gives (3.22).

We note that (3.22) does not provide control on V - uph,owhich is necessary for obtaining
compactness for u,, in V,, and passing to the limit. We next derive (3.23), assuming higher data
regularity. This bound gives control on O¢p,n and 9;m,,, which allows us to bound V - up,. In
fact, differentiating in time (3.4a)-(3.4f) and taking (v, wen, &pns Viphs Wphs Vi) = (Opupn, Opyn,
OttMph> Orph, OPph, Ot An), We get

af(Opagn, Opagn; ) + al(Otpn, Optipn; y) + (O, Oumyn)
+ apss(Ocpn, Ounpy; Orish, Ounyy) + 50(OuPphs OtPpn ),
= (Ouqy, Opyn)a, + (Odp, Oepph)e, + (Oify, Orusn)a, + Ou(Oefy, Oimpn)a,
— (Oufy, Ompn)e, — 21 (7) Oy €(uypr), Ore(ugn))o, — (W (7) Oy K ' apn, Opupn ), . (3.34)

Integrating (3.34) from 0 to t € (0, T] and using Lemma 2.1, (2.5), v € W*°(0, T; L*°(Q)), and the
Cauchy—Schwarz and Young’s inequalities, we deduce, for ¢ > 0,

t
soll0ppn (D), + 190myr (O, + /0 (100l + 1900t 0, + (O — Dy s ) ds
t
<cC <sollatpph(o)ll%vp + 10mn (0) I, + 1980k, +/0 ||attfp||X;|,5mthXpdS>
t ) ) , ) 2
+€ (/0 (Hatpfh”Wf + 10ppnlliy, + 10casnlly, + Hf)tuphlle(Qp)> ds + ||3t77ph(t)pr> (3.35)

C t
([ (10l + 10wl + 1081, + Bl + lanlEeo,) s + 066,01 )
€ 0 f p f P P

In turn, applying the inf-sup condition (3.3) to bound (Oipsn, Oippn, OsAn), and using the time-
differentiated forms of (3.4a) and (3.4d), together with arguments as in (3.29)—(3.30), we derive

t t
(10w snll, + 10won By, + 103 ) ds < C [ (1038713, + IDrugnll
0 ’ 0 ! ! (3.36)

+10pnllFzo,) + 10easn — dumpnlBrs + lugnly, + Huthi%Qp)) ds,

where we also used (2.5) and the hypothesis v € W1°(0,T; L>=(f2)). Taking ¢ small enough in
(3.35) and combining it with (3.36), we obtain

t
soll om0, + [0 (01, + [ (100313, + 100 20,y + |@ragn = D) s
10w snl, + 10mpn i, + 1013 ) ds

t
<C <So|!5tpph(0)\|124fp + 1101, (0) I, + 119e£(0) 15, +/0 108l 1 Oempn ||, ds (3.37)

t
+ /0 (1010513, + 10y + 1073, + gl + lupnlEac, ) ds + ||atfp<t>||§q,) .
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We next focus on controlling the terms ||0;p,(0)|lw, and ||0;n,,(0)[x,. Using (3.10) at t = 0, we
have 9ym,,(0) = ug(0) = ugpno. Then, (3.32) yields

om0, < © (IpolBis ey, + (o)™ Km0l o, + 15 0) 3, + lar Ol ) - (339
To bound ||9;p,n(0)|lw,, we test (3.4e) at t = 0 with wy,, = O¢ppn(0) and use (3.33), obtaining
50 [18eppn (0) 17y,
< C (Ippolifis oy + liu(eo) ™ K Vmpollfia,) + I1E )%, + lasO) Iy, + lap(O)liF;) - (3.39)

Finally, to bound V - up,, we test (3.4e) with wp, = V - upy, an admissible choice since, for a stable
Darcy pair, V -V, = W, This leads to

IV - Wnllzz,) < C (lapllwy + sollpnll, + 19mnlx, ) - (3.40)
Estimate (3.23) follows from combining (3.37)—(3.40) with (3.22) and using Lemma 3.3 for the term
t
| 1ot 10, s
For the transport equation, taking 1, = ¢j, in equation (3.5), we have

1d
2dt

Since —(q~ ¢p, ¢p) > 0, this term can be dropped. Moreover, using that @ € L>(0,T;L>(Q)), we
deduce that

61 2enl3a ) + ID(O) V2V en 22 ) — (18, Ven) = (a”cnsen) = (¢ cunen).  (341)

1 C
(18, Ven) + (a+ews n) < 5 |nD(O) /2813210, + 5 ID(O)*Ver 3oy + ellnli, + = la*eullk,
L Cc
< 216" 2enlFa(e) + 3 ID(6)2Ver 3y + ellelk. + g eulk,. (3.42)

where L = ||¢p~/2D(6)~ 1/29||200 (0.T:L(2)° Thus, using (2.13) and the Poincaré inequality in
(3.41), and choosing e sufficiently small in (3.42), we obtain

1d

8 2enl2ay + Crllenli, < 516 %enl3aiey + Colla*eul,

Integrating from 0 to ¢ € (0,7 and using that ¢ > ¢, > 0 and Gronwall’s inequality, we arrive at

t t
len®l + [ lenl ds < € expeT) (IOl + [ o eullids) (43

which, combined with ¢ (0) = cp0 = Ipco and the continuity of I, in H'(€2), yields (3.24).
It remains to prove the higher regularity bound (3.25). We take 1, = ¢, in (3.5) to obtain

1d 1 d
(gb@tch, Otch) + 5%(D(0)Vch, Vch) — 5(3tD(9)Vch, Vch) — %(che, Vch)
+ (01cn0,Ven) + (chi0,Ver) — (¢ cn, Oien) = (¢ cw, Orcr) -

Next, we integrate the above equation from 0 to ¢ € (0,7] and use (2.13) and (2.14), the Cauchy—
Schwarz and Young’s inequalities, and 8 € W1>°(0, T; L>(12)), to deduce, for some € > 0,

t
Aua%mﬂm@+wv%uw;@)
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t
<0 (a1 + [ (enliaey + lenlia)ds) + (IVenOlfey + [ 100eEqats
g t 2 ! \V4 2 2 + 2 d
T len (O 72(q) + ; (IVenlliei) + lleallz2i) + lla " cwll7aiq))ds ) -
Thus, taking e small enough and using (3.43) gives (3.25). O

3.4 Existence and uniqueness of a solution to (LP1) and (LP2)

Before stating the result, we recall that the initial conditions p,(0) = ppo and ¢(0) = ¢o are given.
In the proof of Theorem 3.2, we constructed initial data for the remaining variables that satisfy the
weak formulation at ¢ =0 (cf. (3.12)—(3.17)).

Theorem 3.5 Let f; € Hl(O,T;V}), f, € H?(0,T; X)), a5 € HY(0,T; W}), q € HY(0,T; Wy),
v € WHe(0,T;L%°(Q)), and ppo € Hy. Let the initial data for the rest of the variables be con-
structed in (3.12)~(3.17). Then there exists a unique solution to (LP1), uy € HY(0,T;Vy), ps €
HY(0,T;Wy), m, € Wh*°(0,T5X,), u, € H'(0,T;L*(Qy) N L®(0,T5Vy), p, € WH>(0,T; W),
A € HY0,T;A), satisfying pp(0) = ppo and 1,(0) = m, 0. Moreover, us(0) = uyo, ps(0) = pyo,
u,(0) = up0, and A\(0) = Ao.

Let = € L®(0,T; L>®()), qtecw € L®(0,T;X"), 8 € Wh(0,T;L>®(R)), and co € H' ().
Then, there exists a unique solution to (LP2), ¢ € HY(0,T; L?(Q)) N L>(0,T; X.), with ¢(0) = co.

Proof. We pass to the limit in the sequences defined by (LGP1) and (LGP2). Theorem 3.4
implies that {ug} is bounded in H'(0,T;H'(Qy)), {psn} is bounded in H*(0,T; L*(Qy)), {m,}
is bounded in W1°°(0,T; H'(,)), {u,n} is bounded in H(0,T;L?(£2,)) N L>(0, T; H(div; ),
{ppn} is bounded in W1H>(0,T; L%*(2)), {An} is bounded in H'(0,T; Hl/Q(Ffp)) and {cp} is
bounded in H(0,T; L*(2)) N L>®(0,T; H'(2)). By the Eberlein-Smulian theorem [28], there exist
uy € H(0,T;HY(Qy)), py € H'(0,T; L*(y)), m, € WH>(0,T; HY (), u, € HY(0,T;L*(Q,)) N
L0, T; H(div; ), pp € WH(0,T5 L2(Q,)), A € HY(0,T; H/?(T'y,)), and ¢ € H'(0,T; L*(Q)) N
L*(0,T; H*(€)), such that, up to a subsequence,

uy, = ugin H'(0, T H' () pn = py i H'(0,T; L (),

Npp, — N, in HY(0,T;H (Q,)), Pph — pp in H'(0,T; L*(9,)),

wy, — u, in Y0, T;L3(Q,)) N L2(0, T; H(div; Q,)),  Aw — A in HY(0,T; HY2(Ty,)),

e, — cin L2(0,T; HY(Q)) N HY(0,T; L*(Q)),
where — denotes weak convergence. Fixing a set of test functions (th,wfh,fph,vph,wph,yh) €
CO0,T; Vn x Wip x Xpn X Vi X Wy X Ap) in (3.4) and ¢y, € C°(0,T; X.p) in (3.5), integrating
in time from 0 to 7', and taking h — 0, we conclude that (uf,pf,np,up,pp, A) and c satisfy the
time-integrated versions of (3.1) and (3.2), respectively, with this choice of test functions. Since the
spaces CO(0, TV g, x Wep X Xpn X Vi X Wy X Ag) and C°(0,T; X,p) are dense in L?(0,T; V¢ x

Wi x X, x V, x W, x A) and L?(0,T; X.), respectively, we deduce that (3.1) and (3.2) hold for a.e.
€ (0,T). It remains to shows that the initial conditions are satisfied. For any w, € W), we write

(Pp.0 — pp(0), p) = (Pp.0 — Pph.o; wp) + (ppr(0) — pp(0), wp)Qp )

where we used that ppn(0) = ppro. Note that (ppo — pPpro,wp)o, — 0 as h — 0, due to the
approximation property of the Stokes-Darcy elliptic projection (3.18), and (p,4(0) —pp(0), wp)a, —
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0 from the weak convergence pp, — pp in H*(0,T;L?($,)). Therefore p,(0) = ppo. A similar
argument shows that uy(0) = uyg, pr(0) = pro, up(0) = upp, and A(0) = Ao. In a similar way
we conclude that ,(0) = n,, ¢ and ¢(0) = ¢y, using the approximation properties of the elasticity
elliptic projection (3.19) and the Scott—Zhang interpolant I., respectively.

The uniqueness of the solution to (3.1) satisfying p,(0) = pp,0 and 1,(0) = n,, 5, and of the solu-
tion to (3.2) satisfying ¢(0) = ¢¢ follow from the uniqueness arguments in the proof of Theorem 3.2,
using the continuous inf-sup condition (2.12). O

4 Analysis of the coupled non-linear problem (P)

The analysis of the original fully coupled non-linear problem (P) is done by considering an iteration
of decoupled linearized problems (LP1) and (LP2) and utilizing a fixed point iteration argument
to show that it converges. We first obtain a local in time solution, then extend it on small time
intervals until the solution is obtained globally on (0,77]. A similar technique has been used in [12].
The iteration is as follows: given ¢? and u®, for m > 1, solve

(LP1m): Find (u?,p}”,ng”,u;",pzl,)\m) 2 [0,T] = Vi x Wy x X, x V, x W, x A such that
pp'(0) = ppo, My’ (0) =m0, and for a.e. t € (0,7] and for all vy € Vi, wy € Wy, £, € X, vy, € V),
wp € Wy, and v € A,

af(u?‘,v]c;cm_l) + bf(Vf,p?) + aBJS(u}”ﬁm;”;vf,O) + br(Vf,0,0;)\m) = (ff,Vf)Qf 5 (4.1&)
(4

—by(uf', wy) = (ar, wr)o; 1b)
ap(ny's &p) + abe(§y, pp') + apss(af', 0imy';0,€,) +0r(0,0,€,;, ") = (£,€,)q, , (4.1c)
ag(uzl, vy €T bp(Vp, pp') + br(0, vy, 0; A™) =0, (4.1d)
80(3@?7%)% - abe((?m;”, wy) — bp(u;n, wy) = (Qvap)ﬂp ) (4.1e)
br(uf', ), 0m,';v) =0, (4.1f)

(LP2m): Find ¢™ : [0,7] — X, such that ¢"(0) = ¢, and for a.e. t € (0,7 and for all ¢ € X,

(¢atcma w) + (D(um—l)vcm’ VﬂJ) - (Cmum—17 VQ,Z)) - (q—cm’ ,Qb) = (q+cw, ¢) 3 (42)

where u”|q, = uy’ and u™|q, = uy'. Recall that the initial conditions have been constructed in
Theorem 3.2. The well-posedness of (LP1m) and (LP2m) can be established using Theorem 3.5.
We make the following regularity assumption on the velocity u™ and the concentration ¢™.

Assumption 4.1 For all m > 0, u}' € Whee (0, T; W (Qy)), upt € Whe(0,T;L>(Qy)), and
™ € WHeo(0, T; W™ (Q)), with finite constants By and B., where

Bu = maX{S%P [ lwee 0,7 w100 (02)) sup HUZLHWLOO(O,T;L‘X’(QP))}
and  Be = sup || |lwr.co0,1,w00(02)) -
m
The above assumption can be justified for sufficiently smooth data and domain boundary. In
particular, the solution to (4.1) satisfies in distributional sense the partial differential equation

system (2.1)—(2.2) with interface conditions (2.7). The Stokes solution can be eliminated from the
system by solving (2.1) with boundary conditions on I'f, given by the continuity of normal velocity
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condition, the first equation in (2.7a), and the BJS condition, the second equation in (2.7b). The
Darcy velocity u, can be eliminated using Darcy’s law, the second equation in (2.2a). Finally, the
displacement 7n,, can be eliminated by solving the elasticity problem given by the first equation in
(2.2a) using the continuity of normal stress, the first equation in (2.7b), as boundary condition on
['fp. This results in pj'(t) satisfying the parabolic equation

K :
Soatp;n + A(?tpgl - V. WV}?Z‘ = qp m Qp X (0, T],
Py =0onT7 x (0,71, W_I)Vp;” ‘n, =0o0n ) x (0,T], pj' =Bp) on Ty, x (0,77,
with pp'(0) = ppo in Qp, where A is a coercive linear operator obtained by solving for n;' in
terms of p;' using the elasticity equation and Bpy' := —(a';c”n ¢)-ng on I'y, is a linear operator.

Increased regularity for p;' in both time and space can be obtained utilizing parabolic regularity
arguments, see Section 7.1 in [34]. This implies increased regularity for u;’ from Darcy’s law.
Increased regularity for u}? and 7" can be obtained from their respective equations using elliptic
regularity arguments, see Section 6.3 in [34]. Similarly, increased regularity for ¢™ can be obtained
using parabolic regularity. For further details we refer the reader to [12] where a similar assumption
is made for a thermo-poroelastic system.

Remark 4.1 The well-posedness of (LP1m) and (LP2m) is ensured by Theorem 3.5 and Assump-
tion 4.1. In particular, u° and ® can be chosen to satisfy Assumption 4.1. Then by Theorem 3.5
(LP1m) and (LP2m) for m = 1 are well posed. Let their solutions satisfy Assumption 4.1. The
well-posedness of (LP1m) and (LP2m) for all m > 1 follows by induction. Therefore problems
(4.1) and (4.2) define a unique iterative sequence. We further note that, according to Theorem 3.5,
in addition to py'(0) = ppo, n,'(0) = n,0, and c™(0) = co, 1t holds that u'(0) = uyo, p}'(0) = pyo,

' (0) = up, and \™(0) = Ao for m > 1, where the initial data are constructed in Theorem 3.2.

We arrive at the main result for the original non-linear problem (P).
Theorem 4.1 For each
fp e HY(0,T;VY), f,€ H*0,T;X}), qf € H'(0,T;W}), g, € H'Y(0,T;Wy),
qtew € L2(0,T; X)), ¢~ € L>®(0,T; L>(9)), Ppo € Hy, and co€ HY(Q),

and under Assumption 4.1, the iterative sequence (u?,p?,n;”,ugl,p;”,/\m,cm) from (4.1)—(4.2)
is well defined and converges to a unique weak solution (uyf,pg, M, Up, Pp, A,c) of (P), satisfying
pp(0) = ppo, M,(0) = M0, and c(0) = co. Moreover, up(0) = uyo, pr(0) = pro, uy(0) = wyp,
A(0) = Ao, and

(uy,up,m,) € L(0,T5 V) x (L0, T L2(8)) N L*(0, T3 V) x HY(0,T3:X,);
(pf,Pps A) € L®(0,T; W) x HY0,T;W,) x L=(0,T; A);
ce€ HY0,T; L*(Q)) N L>®(0,T; X.) .
Proof. Under the theorem assumptions, Theorem 3.5 holds and the well-posedness of (LP1m) and

(LP2m) follows from Remark 4.1. It remains to establish the convergence of the sequence. For

m > 2, denote by (eﬁ”f,eg},e?p,eﬁ;,eg,e;”,e?) the difference between the solutions of (LP1m)
and (LP2m) at the (m)™ step and the (m — 1) step, namely ey, ==uf — u?_l, with analogous

notation for the remaining variables.
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m am m
e

Subtracting (4.1)—(4.2) at the m** and (m—1) steps, we obtain (eq) L S A my
[0,T] = Vy x Wy x X, x V), x Wy, x A x X, such that for all (vy,wy,&,, vy, wp, v, 1) € Vi x Wy x
X, XV, x W, x A x X, and for a.e. t € (0,7T),

ar(eq, vy ™) + (2u(c" ) — p(e"2))e( ) e(vy)) g, + apis(ell), ey vy, 0)

+br(vyep) +or(vy,0,0;ex) =0, (4.3a)
—by(ey), wr) =0, (4.3b)
ap(ey &) +abe(§p, € ) + aps(ey), Orey 50,€,) +br(0,0,€,;eX') =0, (4.3¢)
(et vy ) 4 (™) = ple K vy )+ by (Vi)

+br(0,v,,0;€0) =0, (4.3d)
s0(deey,  Wp)a, — abe (ate wp) — by(ey, , wp) =0, (4.3e)
br(ey),ew,, Oey ;v) =0, (4.3f)
(@Ol ¥) + (D(um_l)vein, Vi) + (D™ ) = D(u™ ) Ve, V)

— (e V) — (el T V) — (¢ Tel,9) = 0. (4.3g)

According to Remark 4.1, all variables satisfy homogeneous initial conditions. The proof consists

of seven steps: (1) bound (eq;» epy» e, 7 €l Epp s ey') on a small time interval; (2) bound e on a

small time interval; (3) using these bounds, establish a local in time convergence using a fixed point

argument; (4) obtain convergence for (e}, ey, e 2 €y s €X' €6 ") in stronger norms; (5) establish
existence of a solution on a small time interval; (6) extend the results globally on (0,7]; (7) prove

that the solution is unique.
Step 1: Bound (e} ey ]’;’;,eﬁp,e’l}lp,ez’;’;,eT) in terms of ™~ 1.

Taking (v, wy,&,, Vp, wp, V) = (e{ff, €prs 8te?p, el e’ el') in (4.3a)—(4.3f), we deduce that

up)’ “pp?

2 e B, + 5 5 ()

+ as(ey, ey, c” )+a (e, €uic ™) L apys(e uf,ﬁten ; uf,ate )

= (2(u(c ™) = (" )e(u ), elel)) o, + (™) — p(e™ T NE Tl ell ), - (44)
Using Assumption 4.1 to control ||e ( )HLoo 0,1;L>=(2,)) and the Lipschitz continuity of the vis-

cosity function u(-) (cf. (2.6)), we have
(2(u(c™ ™) = (™ D)e(u ), elel,) g, < CBulle™ ™ = "2l raqpllelel)llLzy) - (45)
Similarly, for the second term on the right hand side of (4.4) we obtain
(™) = p(e™NE g e ) < Chulle™ ™ = "2l llel, Iz, - (4.6)

Combining (4.4)—(4.6), using the coercivity of ay, a , ap, and apys from Lemma 2.1, and integrating
over time from 0 to t, as well as utilizing the Cauchy Schwarz and Young’s inequalities for some
positive € > 0, we get

t
lem ()32, + € (O3, + / (e, s o) + Nl 122 + e, — duei s ) ds
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t t
< [ (e anyy + I Eagay ) s+ [ (Il ooy + 1B sy ) s (@7)

Next, using the inf-sup condition (2.12), (4.3a), (4.3d), the continuity of af, a , and apjs from
Lemma 2.1, and Assumption 4.1, we deduce that

e e, e lw, sy

<C/J’u(|!e lenicay) + e laca,) + lel, = el s + ez + e iz, ) - (48)

which yields

t
| (130, + e e,y + I 1) s

t (4.9)
< [ (16 I oy + et e, + 162, = el Fras + e ey ds.

Thus, taking e small enough in (4.7), and using (4.9), we find that
2 2 ‘ 2 2 2
ey Ol g0,y + e s + | (e B+ 1l sy + ek, = Ol Fas) ds

t
[ (e sy + Iy + ISIR) ds < € [ e 30 . (4.10)

Step 2: Bound €™ in terms of e !.
Taking 1 = € in (4.3g), gives

(@0pel, ') + (D™ Ve, Ver) — (a” e er)
= (D™ ?) = D™ )V, Vel) + (u™ e, Vel') + (el '™, Vel). (4.11)

Note that the term —(g~el*, e’) on the left hand side of (4.11) is non-negative which can be dropped
directly. Using (2.15), for the first term on the right hand side of (4.11) we have

(D) = D™ )V, V') < OV Hue ) lew iz Ve lz@) - (4.12)
For the remaining terms of the right hand side of (4.11) we deduce the bound

(u™ e, Vegt) + (e ~'e™ T, Ver)

< ™ Hpee @ el 2@ IVer rz@) + 1™ @ led™ e @I Vel e - (4.13)

Combining (4.11)—(4.13), and using Assumption 4.1 and Young’s inequality, we obtain

d m m m— m
Jplled |72 + IVellfe < C (BCHeu HEa() + Buller HQLQ(Q)> : (4.14)

Then, adding ||e™||? 20 tO both sides of (4.14), integrating in time from 0 to ¢, and applying
Gronwall’s inequality, ylelds

t t
e ()72 +/0 (HQ?H%%Q) + HVe?Hig(Q)> ds < C eXP(T)/O e 1Z2(q) ds - (4.15)
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Step 3: Establish (e eu) ;”f,e? s € Epr s €N el') — 0 as m — oo in suitable norms on a small
P

time interval.

Considering (4.15) with ¢ = ¢, integrating again from 0 to ¢1, and using (4.10), we deduce

t1 t1
| e ey ds < € exa@) [ (et e + el o) ds
t1
<0 oxp(D) [ el oy ds. (116)
0

where the constant C > 0 is independent of the iteration step m and the local time #;. Let
= C exp(T). Choosing t; = 5, we conclude that leg' l2(0,0;22(0)) — 0 as m — oo. The
estimates (4.10), (4.15), and (4.16) imply that, as m — oo,
(en el en) =0 in L%(0,t1;Vy) x L0, t1; L()) x L=(0,115X,) ;

(eprreprsex) =0 in L2(0,t15 W) x L(0, t1; W) x L*(0, 115 A) 5 (4.17)
e™ =0 in  L™(0,ty; L*(Q)) N L%(0,t1; X) .

m m
pyr? np’

m

e ey,

Step 4: Obtain (e},

ey, ep €xs€c’) — 0 in stronger norms and V - ey — 0.

We next obtain convergence in stronger norms, as well as for V - e, which will allow us to take
the limit m — oo in (4.1) and (4.2). First, we note that Cauchy-Schwarz inequality implies

t1 2 t1
</ / |ds) <T|Qf|/ uf)||LQ yds = 0 as m — o0, (4.18)
s

t1 1
(/0 /Q lew, | ds) < T\Qp]/o HeﬁLH%Q(QIJ) ds — 0 as m — oo, (4.19)
P
t1 2 t1
(/ / [Ver| ds) <T ]Q\/ ||V62”H%2(Q) ds — 0 as m — oco. (4.20)
0 Ja 0

Next, differentiating (4.3a)—(4.3f) in time and choosing the test functions (vy,wy,§,, vp, wy,v) =
(e uf,dtepf,dte 8te , 0¢el"), we obtain

Mp’ u,,?
ap(Oey, ey "+ (ateup’ w 1)+a§(3te Oy ) + apys(Oey), duey s ey, 0rey )
+ s0(Oefy e o, = — (20u(e™e(el, ) elell)) g, — (Ol el el ),
- (2&:(#(07”71)—#(0“%2)) (uf ™), eler))) g, — (2 ( (™ 7h) = u(e™ 7)) e ) e )

— (O™ ™) = (e ) K~ lup Len ), = (@™ ™) = p(d" KT o el ),

We integrate in time from 0 to ¢; and use the coercivity of ay, ag, a,, and apys from Lemma 2.1
to get

m m m 2
et ()Ml o, + llet, (t)lIEzo,) + (e, = ey ) (t1)[55
t1
+ /0 (Soﬂ@eppH%%Qp) + ”atezw%il(ﬂp)> ds

t1
< C/O ((2@#(0’”_1)6(63}),e(eﬁ"}))gf + (Ol K e el ) o (4.21)

24



+ 200 (™) — (™) )e(uf ) e(er))) o, +2((u(e™ ) — p(e™ ) dee(uf ) € )

(@) = e DK et )+ () — ple K g e, ) ds.
For the first two terms on the right hand side of (4.21), using (2.5) and Assumption 4.1, we have
o ~1 —1y -1
| (@omteNetels ) etett )y, + @rute™ K el et ), ) ds
t1
< 0B [ (et o, + ety [Ea,)) ds = 0. asm— oc. (4.22)

For the third and fifth terms on the right hand side of (4.21), using (2.5), Assumption 4.1, (4.18),
and (4.19), we get

/0 (@0 () — e el elel)) g, + (e ) — ule ) E el ), ) ds

t1 t1
< C B¢ Pu </ / \e(eﬁ?)]ds—i—/ / |eﬁl\ds> — 0, as m — 0. (4.23)
0o Jog o Ja, °

For the fourth and sixth terms on the right hand side of (4.21), using (2.6) and Assumption 4.1, we
find that

/Otl (2(p(e™ %) = (™) Dre(uf ), eur)a, + ((p(e™™?) = p(™ D)Koy~ el ), | ds
< C Pu /Otl (HGTAH%%Q) +lel T2, + Heﬁpniz(np)) ds — 0, as m — oo. (4.24)
Combining (4.22)—(4.24) with (4.21) we obtain
el (t)lEn ) + llet, (t) [Tz, + (el — el )(t1)lBs
X /Otl (50\\atepp\\%2(gp) + Hateg;\@{mp)) ds — 0, as m — 0. (4.25)

Next, take wp, =V - ey in (4.3e) and integrate in time from 0 to ¢;, which results in

t1 t1
/0 |V - eﬁ;H%Q(Qp) < C/o (SOHE)teppH%g(Qp) + HateZ;H%Il(QPO ds — 0, as m — 00, (4.26)
where we have used (4.25). In addition, (4.8) gives

lep: (t) 720, + leps @)1 Z2q,) + leX (IR < C(Heﬁ”f(tl)\l%ql(gf) +[lell, (t)F2(q,)
2 _
+ |(et, = el ) ()55 + e~ () 220y ) = 0, a5 m > oo (4.27)
We proceed with the transport error equation (4.3g). Taking the test function ¢ = dyel* gives

(60hel", Brel™) + (D(u™ )V, Vorel") — (g™l Brel)
= (DW™2) = D™ 1) V™ Vae™) + (™l Voe™) + (7 L™, Vo). (4.28)

25



For the second term on the left hand side of (4.28) we write

1d 1
(D(u™ 1) Ve, Vo) = 5%(D(um_1)V6?, Vel') — 5(8tD(um_1)VeZ‘, Vel').
Using similar expressions for the terms on the right hand side in (4.28) we obtain
m m ld m—1 m m
((ﬁ&ﬂ?c ?8t€c ) + 5%(])(“ )V@C 7vec )

1 d
= 5(8,§D(u”"”_l)Ve’c”, Vel') + (g~ el', 0el) + pr (DU™?) = DU™ )Vt verl)

— (D™ ?) = DU™ )V vel") — (D™ %) = D(u™ 1))Voe™ 1, Vel)

d
+ %(um_le?, Vel) — (Gpu™ e Ve) — (u™ 1 ope™, Ver)
d
+ %(e’f—lcm_l, Vel) — (Oel ™t vem) — (el 19,cm ! Vel . (4.29)

For the fourth term on the right hand side of (4.29), using (2.14) and Assumption 4.1, we have
|(0:(D(u"2) — D) Ve, ver)|
< 5(cy + @) (0™ 2 |Lee () + [1000™ ™ |Loe @)1 VE™ ™ Lo @ I Ve L1 o
< 10(at + ) BuBel| Ver L) - (4.30)
Similarly, for the second to last term on the right hand side of (4.29) we find that
|[(Orely ™ Ve | < (1000 |l ) + 1800 [Loe () 16" oo () [ Ver |1 ()
< 2B8uBel Ve L o) (4.31)

Next, we integrate (4.29) in time from 0 to ¢, using the fact that eJ*(0) = 0, together with (4.30)
and (4.31). For the remaining terms on the right-hand side, we bound one of the factors in the
L>°(Q) norm and apply the Cauchy—Schwarz inequality to the other two. Using Assumption 4.1
and the regularity of ¢~ to control the L*°(Q2) terms, as well as (2.14) for the first term and (2.15)
for the third and fifth terms, we obtain

t1
| @0 ey ds + D@ ver, ver)n)
0

t1 t1
<C <5u/0 ||V€£n||i2(sz) ds + HQHLOO(O,tl;Loo(Q))/O lee' Iz ) llOee | 2 (o) ds
t1
+ Belled ™ (t) 2l Vel (t1) r2a) +ﬁuﬁc/0 Ve L) ds
t1
+5c/0 el Hin2 )l Vel 2y ds + Bulle (t) | 2o Vel (t1) 2 )
t1

t1
+ B / 1Lz Ve 2y ds + B / 10 | 2oy | Ve ey ds

t1
+Bellen ™ (1) Iz Vel (1) 2 ) +5c/0 el Hr2 )l Vel Lz ) ds) :

Using (2.13) and Young’s inequality gives
h 2 2 o 2 2
/0 10eec" 720 ds + Ve (t1) [l 2() < C (/0 (Hvemm(g) + He?HB(Q)) ds
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t1

t1
+/0 e 1T 20y ds + lled (t) 1720 +Heffl(t1)”i2(g)+/0

Combining (4.32) with (4.17), (4.20), and (4.25), we conclude that

Ve () 220 + /tl 01 |2y ds — 0, as m — oo (4.33)
Combining (4.25)—(4. 27) and (4.33) implies that, as m — oo,
(en, el en ) =0 in L%(0,t1;Vy) x (L(0, t1; L2(,)) N L2(0,t1; V) x HY(0,t1;X,);
(epeseprreX) =0 in L¥(0,t1;Wy) x H'(0,t1; W) x L=(0, 115 A) 5 (4.34)

e™ =0 in HY0,t1;L3(Q)) N L¥(0,t1; Xe) .

Step 5: Establish local in time existence of a solution.

From (4.34) we conclude that (u?‘,p}”,ngz,u;”,p;”,)\m,cm) — (uy,pf, My, Up, Pp, A, ) in the above
norms as m — oo. We next take m — oo in (LP1m) and (LP2m) to conclude that the limit
functions solve the weak formulation (P) on (0,%;]. Indeed, the convergence of all linear terms
is immediate. Below we discuss the convergence of the nonlinear terms. For the viscosity terms
(™ HKtu, vy)q, and (2u(c™” 1)e(u7}l),e(vf))gf, since ¢™ — ¢ in L®°(0,T; L?(f2)), we con-
clude that ¢™ —> ca.e. in Qx (0,t1) as m — oo. For any v, € L2(Q,) and vf € H'(Qy), since u(c)
is Lipschitz, we have, as m — oo,

p(c™)vp = ple)vp ae. in Q, x (0,t1), p(c™)e(vy) = p(c)e(vy) ae. in Qp x (0,t1) .
In addition,

(el < polvel ae. in 9, x (0,02), [u(e™)e(vy)| < pule(vy)| ae. in Qp x (0,11).

Therefore, by the Lebesgue dominated convergence theorem [47, Page 88|, we have as m — oo,

p(c™)vp — ple)vy in L2(,),  u(c™)e(vy) — p(c)e(vy) in L*(Qy) a.e. in (0,¢1).

In turn, from (4.34) we know that as m — oo, u* — u, in L*(£,) and uf — uyin H!(y) ae. in
(0,%1). Therefore, as m — oo, a.e. in (0,%1),

(u(c™ HE g, vp)a, = (u(e) KMy, vy)a,, (2u(c™ e(u}), e(vi))a, — (2u(c)e(uy), e(vy))a,
Similarly, for the transport subproblem (LP2m), we have for any ¢ € X,, a.e. in (0,¢1),
(D™ YV, Vi) = (D(u)Ve, Vip) and  (¢™u™ ' Vi) — (cu, Vi) as m — oo,

using [D(u™ 1) V| < ¢*(dy + (o + 1) Bu) | V| and the Lebesgue dominated convergence theorem.

We finally note that, since all functions lie in L*°(0,%¢;), cf. (4.34), we can take m — o0
in (u;cn(O),p}”(O),n;n(O),uzl(O),p;n(O), A™(0),¢™(0)) = (us,0, 2,0, Mp,0> Up,05 Pp,0s Ao, Co), cf. Remark
4.1, to conclude that (llf(O),pf(O), np(o)v up(O),pp(O), A0),¢(0)) = (uf,ovpf,()a Mp,0> Up,0, Pp,0, Ao, €0)-

Step 6: Extend the local in time result to (0,7].

Let [0,7] = SO0, [te_1, 1] satisfying tg = 0, ty = T and SUp << |tk — ti1| < 57, where
L = C exp(T) from (4.16). Then, for k = 2,..., N, we consider the iteration based on (LP1m)
and (LP2m) on the interval [ty _1,#;] with initial data n,(tx—1), pPp(tk—1), and c(tx—1), the solution
of (P) at t = tx_; obtained in Step 4. The argument from Steps 1-4 implies that the sequence
(u;”,p’}l,n;n,ugl,p;”,/\m,cm) converges to a solution of (P) on [ty_1,tx] with all variables being
continuous at t;_; for k = 2,..., N, which establishes existence of a solution to (P) on [0, 7.
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Step 7: Uniqueness of the solution.

The convergence result (4.34) implies that u" — uy in L>(0,T; V), up® — u, in L>(0, T L3(Qy)),
and ¢™ — ¢ in L>(0,T; X.). Therefore, uf" — uy and Du’}f' — Duy ae. in Qy x (0,7, where
D denotes any first order weak derivative. Similarly, u' — u, a.e. in Q, x (0,7), and ™ — ¢,
Dc™ — Dcae. in Q x (0,7). Combined with Assumption 4.1, we have that

ma‘x{||ufHL°°(O,T;W1v°°(Qf))7 ||upHL°o(o,T;Lo<>(Qp))} < Bu HCHLOO(O,T;WLOO(Q)) < Be. (4.35)

We note that the time regularity in (4.35) is L>°(0,T"), which is lower than the one in Assumption 4.1.
This is sufficient for the uniqueness argument, which does not involve differentiation in time.

Assume that there exists another solution (U, pys,7,, Up, Pp, A, ¢) of problem (P) with initial
data pp(0) = ppo, 1,(0) = n,0, and &0) = cp. Denote by (euf,epf,enp,eup,epp,eA,ec) the
difference of the two solutions. Subtracting the systems (2.11) for the two solutions results in
(euf,epf,enp,eup,epp,eA,ec) : [0,T] = Vi x Wy x X, x V, x W, x A x X, such that for all
(Vi wp, &y Vp, wp, v, 0) € Vi X Wi x X, x Vi, x Wy, x A x X, and for a.e. t € (0,T),

af(eu/" Vs c) + (2(M(C) - M(E))e(uf)’ e(vf))Qf + aBJS(eufv 8te7lp; Vi 0)
+ bf(vf7epf) + bF(vf7070;€)\) = 0,
_bf(euf7wf) =0,

a;(enp’ ép) + O‘be(ép’ epp) + aBJS(eufvatenp; 0, ép) + bF(Ov 0, Sp; 6)\) =0,
ag(eupv vp; C) + ((M(C) - M(é))K_luP? VP)Qp + bp(vpa epp) + bF(Oa Vp7 07 6)\) = 07
30(815617;77 wp)Qp - abe(atenpa wp) - bp(eup> wp) =0,

br(eu;,eu,, 0rey ;v) =0,
(90iec, ) + (D(W)Vee, Vi) + ((D(u) — D)) Ve, Vi) — (ecu, Vi) — (cew, V) = (¢ ec, ¢) = 0,

with ep,(0) =0, ey (0) = 0, and e.(0) = 0. We note the similarity of the above system with (4.3).
The arguments from Steps 1-3 leading to (4.16) imply that

t1 5 1 [ 5
| el ds < 5 [ leclaqayds. (4:30)
0 0
and hence e, = 0 on (0,t1), i.e., ¢ is unique on (0, ¢;). We emphasize that in the bounds correspond-
ing to (4.5), (4.6), (4.8), (4.12), and (4.13) we utilize the extra regularity (4.35) for the solution

obtained in Steps 1-6, while no such regularity is assumed for the other solution. Next, using the
arguments from Step 1 leading to (4.10) we obtain

t1
lepy (t1) 226 + llem, (E) 3y + /0 (lews I3rs 0,y + lew, I, + llen, I,
t1
+llep 320,y + lexld + lew, — Bren, [3y5) ds < € /0 leellZ(y ds (4.37)

concluding that the solution (uy,py, Mps> Up, Dp, A) of the Stokes—Biot subproblem is unique on the
interval (0,¢1). The final step is to extend the uniqueness result globally in time to (0,7), using
the process from Step 6. O
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5 Semi-discrete numerical approximation of problem (P)

In this section we introduce the semi-discrete continuous-in-time numerical approximation of the
fully coupled problem (P), cf. (2.11) and present its well-posedness analysis. The proof follows the
approach developed in the previous sections for the solvability of problem (P).

Recall that in Section 3.1 we considered the semi-discrete Galerkin approximations (LGP1) and
(LGP2) of the linearized and decoupled Stokes-Biot and transport problems (LP1) and (LP2).
There we introduced the finite element partition 7, = 7;Lf U 7'}33, the Stokes finite element spaces
Vi X Wy C€ Vi x Wy, the Darcy finite spaces Vi, X Wy, C V), x W), the displacement finite
element space X,;, C X, and the concentration finite element space X., C X.. We utilize the
same spaces here. In Section 3.1 we also used the conforming Lagrange multiplier finite element
space Ay C A, which allowed us in Section 3.4 to pass to the limit h — 0 in the Galerkin problems.
Such step is not needed here, since we are already in a semi-discrete setting. In addition, the
choice A, C A leads to a suboptimal interface error term, cf. Remark 6.1. Instead, we utilize the
non-conforming discrete Lagrange multiplier space

Ap =V -mlr, (5.1)

which consists of discontinuous piecewise polynomials. We equip Aj, with the norm Hl/hH% =
h
HVhH%?(Ff )- Due to this change we need a new version of the discrete inf-sup condition, which
P

is shown in [1,~ Theorem 5.2]. There exists a constant 3 > 0 such that for all (wp, wpp,vp) €
th X th x Ay, there holds

sup by (Vins wrn) + bp(Vph, wpn) + br(Vyn, Vpn, 05 vp)
O#(th,vph)EVfXVp ||(th7vph)”VfXVp

> Ball(wsns wph vn) lw, w, <&,

(5.2)
Remark 5.1 The above inf-sup condition holds for non-matching grids along the interface, hence
the analysis of the numerical method also holds for non-matching grids.

We consider the following semi-discrete approximation of (P):

(DP): Find (Wpp, Pny Mphs Wphs Pphs Ay €n) = [0,T] = Vi x Wy x Xpp X Vi X Wy x Ay x Xepy
such that for a.e. t € (O,T) and for all (th,wfh,gph,vph, Wph,s Vha¢h) S th X th X Xph X Vph X
th X Ah X Xch7

ag(usn, Venicn) + bp(Venprn) + aBss(pn, Ompn; Vi, 0) 4+ br(vyn, 0,05 M) = (£, vyn)a, . (5.3a)
= by(agn, wen) = (a5, wrn)ey (5.3b)
ay(Mph» Epn) + e (Epps Ppn) + aBas(Wpn, Ompy; 0, &) +0r(0,0, €05 An) = (£, €pn), » (5.3¢)
al(Wph, Vpns ) + bp(Vpn, Dpn) + br(0, vpn, 03 Ay) =0, (5.3d)
$0(OtPph, Wph) e, — bp(Wph, Wpn) — @be(ampha Wph) = (gp, Wph ), » (5.3e)
br(asn, Upn, mpp;ve) =0, (5.3f)
(¢Dscn, Yn) + (D(up)Ven, Vibr) = (enun, Von) — (¢ cns ¥n) = (¢ cw, ¥n) , (5.3g)

The well-posedness and stability analysis of (DP) follows closely the analysis of (P), using the
following steps:
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e Consider linearized and decoupled subproblems (LDP1) and (LDP2), establish their well-
posedness, and develop stability bounds.

e Use a fixed point iteration argument to establish well-posedness of (DP).

5.1 Linearized and decoupled subproblems (LDP1) and (LDP2)
The Stokes-Biot subproblem (LDP1) is as defined as follows.

(LDP1): Given fy, £, g, g5, and y4 : [0, T] — Xen, find (wpn, psa, Mpns Uphs Pphs An) : [0, 7] = Vg x
Wen x Xpn X Vipp X Wy, x Ay, such that for a.e. t € (0,7) and for all (Vshs Wens Ephs Vph, Wphy V) €
th X th X Xph X Vph X th X Ah,

af(usn, Vinive) + b (Ven, prn) + aBys(pn, Omipn; Vin, 0) + 0r(vien, 0,0; An) = (£, ven)a, » (5.4a)
—bs(ugn, wen) = (ar, wen)oy (5.4b)
ay(Mphs Epn) + e (€pps Ppn) + aBas(Wpn, Ormpp; 0 €ph) +0r(0,0,&,15 M) = (£, &pn)0, 5 (5.4c)
al(Wpn, Vs V) + bp(Vph, Pp) + b0 (0, vpn, 0; A) =0, (5.4d)
50(OtPphs Wph) @, — bp(Wpn, Wpn) — abe(OrMphs Wpn) = (Gps Wpn)e, » (5.4¢)
br(usn, Upn, Opmpp;vn) =0, (5.4f)

The transport subproblem (LDP2) is defined as follows.

(LDP2): Given g, ¢y, and 0y, : [0,T] — Vp, find ¢, : [0, 7] — X, such that for all ¢, € X, and
for a.e. t € (0,7,

(¢Osch, ¥n) + (D(01)Ven, Vibr) — (cnbh, Vor) — (¢ cn, ¥n) = (¢ cw, ¥n) - (5.5)

Remark 5.2 The only difference between (LDP1) and (LGP1), which was used in the well-
posedness of the continuous problem, is that the concentration data ~p, in (LDP1) is discrete. In

particular, the two non-linear terms ay in (5.4a) and ag in (5.4c) involve viscosity p(yy). Similarly,
the difference between (LDP1) and (LGP1) is that the velocity data 0y, is discrete.

Using the discrete inf-sup condition (5.2), the proof of the following theorem on the solvability
and stability of (LDP1) and (LDP2) is similar to the proofs of Theorems 3.2 and 3.4.

Theorem 5.1 Assume that ff € LOO(O,T;V}), f, € Hl(O,T;X;,), qr € L"O(O,T;W}), a4 €
L>(0,T;Wy), vn € L=(0,T;L>(Q)), and ppo € Hy. Let the initial data (Wpp0,Pfh0, Mphos
Uph 05 Pph0s Ah0) € Vin X Wi x Xpp X Vi X Wy, X A, be constructed in (3.18) and (3.19).
Then problem (LDP1) with initial conditions ppn(0) = ppn,o and n,,(0) = n,, ¢ has a unique so-

lution (ufh,uph,nph,pfh,pph,)\h). Moreover, the solution satisfies usy(0) = usno, Pra(0) = Pruos
upy(0) = upp0, and Ap(0) = Apo. There exists a positive constant C' independent of h such that

V50 [pprllzee 0,0 + 1Mpnll L 0.7, + 1agnllzzo,rv,) + Ipsnll 2w,
+ [[wpnll L2 0,riL2(0,)) + IPprll 20, 7m7,) + H)‘hHL?(OTAh + [ugn = Onpnlr20,m;87s)

<C (HffHL?(O,T;V}) + prHm(o,T;X;,) + Hatfp”Ll(o,T;X;?) + HCIPHL?(O,T;WIQ)

+llgslle2o,mswy) + lIppollmne,) + HM(CO)’lKVPp,OHm(QP)) : (5.6)
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Moreover, if ff € Hl(O,T;V}), f, € HQ(O,T;X;), qr € HY0,T; W})7 qp € Hl(O,T;WZ’)), and
yn € WLoo(0,T; L(Q)), it holds that

V50ll0wpr | Lo (0.0w,) + 10wpn | L20.7w,) + 10 pnllL20,75w5) + [10mpnl Lo 0.7:%,)
+ 10l 20,74,y T 100mll20,r5v ) + 1V - ol 2(0,7:22(0,)
+ [|0rapnll 20,m5L2(0,)) + [Wpn — Osmppl L= 0,1:875)
< C(HffHHl(o,T;v'f) ol 0,rixy) + 10afpllLrorixy) + lagllar omwy) + 9ol 0,15my)
oL
NG

Let g= € L>®(0,T; L®(R)), ¢ cy € L=(0,T; X.), 0, € L=(0,T;L>®(Q)), and co € H*(Q). Then,
(LDP2) has a unique solution cy, satisfying cy(0) = cp0, where cp o is defined in (3.9). It holds that

(Ippollzn ) + 14(c0) KV ppollggs g, + 1€ Olv, + llasO)llwy + lap(©)lwy) ) - (5.7)

lenllz=o 72y + lenll20rx) < CVexpTT) (leolliney + la*eullzorxy ), (5:8)

where L = |]¢_1/2D(9h)_1/20hH%OO(QT;LOO
Whoo(0, T; L>°(Q)), it holds that

(@) Furthermore, if qTcw € L*(0,T; L?(2)) and 6y, €

10renlzeom:z20 + lenllz=orixy < CVexp@T) (leollm oy + la*cull 2o rz2y) - (5:9)

5.2 Well-posedness of the coupled semi-discrete problem (DP)

Similarly to the continuous case, we consider an iteration of decoupled linearized problems (LDP1)
and (LDP2) and utilize a fixed point iteration argument to establish convergence. In particular, for
m > 1, we solve a Stokes-Biot problem (LDP1m) with concentration data ¢j'~' and a transport
problem (LDP2m) with velocity data uhm_l. Similarly to Assumption 4.1, we make the following
assumption on the regularity of uj* and cj".

Assumption 5.1 For all m > 0, u’f}, € W1’°°(0,~T; lecio(ﬂf)), uj, € Whee (0, T;L°(Qy)), and
am e Whee(0, T; Whe(Q)), with finite constants By and B., where

Bu 1= max { sup [[uh .o o,7;wr0 (), SUP ”uﬁz”wl’w(OvT;L“@p))}
m m
and B := sup ||ci[lwr.eo 07w .00 (0) -
m

Assumption 5.1 can be justified using Assumption 4.1 for the continuous versions of (LDP1m)
and (LDP2m), together with estimates of the numerical error in (LDP1m) and (LDP2m). We
refer the reader to [2, Lemma 4.2] for details.

The proof of the following theorem on the well-posedness of the semi-discrete scheme (DP)
follows the argument in the proof of Theorem 4.1.

Theorem 5.2 For each
fr € HY(0,T; Vi), f€ HY0,T;V},), qf € HY(0,T; Wi, g€ H'(0,T; W),

qTew € L2(0,T5 X)), ¢ € HY0,T;L>*(Q)), ppo € Hy, and co€ HY(Q),
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and under Assumption 5.1, the semi-discrete scheme (DP) has a unique solution (W h, Uph, My, Pfhs
Pphs Any cn) satisfying ppr(0) = ppn,os Mpn(0) = Mpp 0, and cp(0) = cpo. Moreover, upy(0) = ugpp,
Pr(0) = prno, Upn(0) = pno, An(0) = Ano, and

(Wpn, Wpn, M) € L°(0,T5 Vpy) x (L0, T3 L2(€)) N L*(0,T; Vi) x H'(0,T5Xpn) 5
Pk Dphy An) € L(0, T3 Wep) x HY(0, T3 W) x L=(0,T; Ap) ;
cn € HY0,T; L2(Q)) N L0, T; Xop) -

Note that in the proof we obtain a bound on the numerical solution similar to (4.35):
maX{HuthL"O(O,T;leOO(Qf))v HuthLOO(QT;LOO(Qp))} < Bus Nlenllporwro@) < Be. (5.10)

6 Error analysis

In this section, we analyze the spatial discretization error. For x € {f,p}, we denote by k, and s,
the degrees of polynomials in the spaces V,j and Wy, respectively. Let ks and k. be the polynomial
degree in X, and X;,. We also recall the definition (5.1) of the non-conforming Lagrange multiplier
finite element space Ay

6.1 Approximation properties

Let Q,, and Qyp be the L?-projection operators onto W,j, and Ay, respectively, satisfying:
(P — Qunbss Wan), =0 Vwy, € Wi, (6.1)
A= QA pndp, =0 Yy € Ay, (6.2)
Note that, since Ay, =V, - ny|r,,, (6.2) implies
(A= QA vpp, - np)rfp =0 Vvp, € Vpp. (6.3)
These operators have the approximation properties [27]:

[P« — Qunpllz2(0,) < CR"**||Ips|lEmer (02, 0<rs <sc+1, (6.4)
A= QanAllrzr,,) < CAAmrawry,),  0<rma<k,+1 (6.5)

Next, we consider a Stokes-like projection operator [3], (S¢n, Ren) : Vi — Vg, x Wy, defined for
all v f € \% f by

ar(Stpve, vinsen) —bp(Vin, Rppvy) = ap(Ve, Vinscn) Vv € Vi,
bp(Spnvyswin) = bp(Vy, win) Vwsn € Win.

Let I, be the mixed finite element interpolant onto V,, satisfying for all v, € H(€2,) [8],

(V- Iphvp, wpn) = (V- vp, wpn) Vwph € Wph,
(ILpnvp - 1p, Vipp - np>rfp = (Vp - D, Vipp, - np)rfp YVph € Vph,
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Let Sy, and I, denote the Scott-Zhang interpolants from X, onto X, and from X, onto X,
respectively, satisfying [50]:

1€ — Ssn€pllLzia,) + 1€y — San€plar,) < Ch™ (1€l ) 1< 1w, <ks+1. (6.6)

and || — Iepdlz2) + 0¥ — L) < Ch™ ([l grec@) 1 <7k, <ke+1. (6.7)

Next, consider the space that satisfies the weak continuity of normal velocity condition:
U= {(vf,vp,gp) EVixH(Q) x Xy i br(vy,vp &) =0 Vpe A},
and its discrete version
Up = {(thy"phyfph) € Vi x Vi x Xyt br (Vin, Viph, €ppi i) =0 Vpup € ]\h}-
An interpolation operator Ij, : U — Uy, is constructed in [3, Section 5] as a triple

(v v, &) = (I, Ipvp, Ln€,) |
where Iy;, = S¢p, I, = Ssn, and Iy, is based on a correction of I, designed to satisfy the continuity
of normal velocity. The interpolant I has the following properties:
br (Invy, Ipnvp, Lsn€pin) =0 Yy, € Ay, (6.8)
b*(I*hV* — Vi, w*h) =0 Vwy, € Wy, *€ {fv p} . (6-9)

The approximation properties of the components of I are established in [3, Lemma 5.1]: for all
sufficiently smooth vy, v;,, and &,

vy = Ipnvillm o,y < Ch™ vyl a1 0 <7k, <kj. (6.10)

Q)

o = vl < C(R Wl @)+ B 195l g ) + 7 1l )

Q)
1§’I“kp§kip+1,Ogrkfﬁkf,()éTkSSk‘s. (6.11)
IV (vp = vy i) < ORIV Vil ot o 0 < 7k, < Ky (6.12)
1€y — Lsn€pllrz(a,) + &y — Lsnéplmi(a,) < CR™ [[€pllares ), 1 STh, S ks +1. (6.13)

6.2 FError estimates

We proceed with estimating the error between (P) and (DP). We introduce the errors for all
variables and split them into approximation and discretization errors:

Eu, = uy —upn = (up — Ippug) + (Ippug — ugn) 3= Xu, + P, (6.14a)

Eu, 1= up — upn = (up — Ippuyp) + (Lpptp — Upp) := Xy, + @y, » (6.14b)

En, =0y = 0pn = (0 — Lanmp) + (Lsnmy — Mpn) := X, + & (6.14c)

Ep, :=py —ppn = (0f — Qsnps) + (Qpnpy — Pyn) = Xp; + by 5 (6.14d)

Ep, = pp — pph = (Pp — Qprbp) + (QprPp — Pph) = Xp, + &p, - (6.14e)

Ey:= X=Xy = (A= Q) + (QanA — An) :=xx + &, (6.14f)
E.:=c—cp=(c— Ipc) + (Iene — cp) = Xe + b - (6.14g)

In addition, we denote

Ey:=u—uy,, with Ey|g, =E,.,, *x<{f,p}. (6.15)
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Theorem 6.1 Under the conditions of Theorems 4.1 and 5.2, assuming that the solution of problem
(P) is sufficient smooth, then for the solution of the semi-discrete scheme (DP), cf. (5.3), with
initial data constructed in Theorem 3.2, there exist constants C' and L independent of h, such that
1My — Mpnll Lo (0,181 (0,)) + V/S0llPp — PprllLeeo,:L2(0,)) + Iuf — upnll L2011 (0)))

+ A = )‘hHLQ(O,T;LQ(Fﬁ,)) + [Jup — uthL?(o,T;L?(Qp)) + |(Uf - 3t77p) - (ufh - 8tnph)’L2(07T;BJS)

+pr = prallezo,mczp)) + 11Pp — Porll L2020, + e = enllLoso,r522(0)) + lle — enllpzo,m:m1 (@)
S C eXp(LT) hmin{kf,Sf+1,kp+1,8p+17ks,k‘c} . (616)

Proof. We first obtain an error estimate for the Stokes—Biot subproblem, which depends on FE.,
followed by an error estimate for the transport subproblem, which depends on Ey, then combine
the two to obtain the error estimate for the coupled problem.

Error estimate for the Stokes—Biot subproblem. Subtracting (5.3a)—(5.3f) from (2.11a)—
(2.11f) and summing the equations, we obtain the following error equation:

af(Bug, vin;cn) + ag(Eup, VphiCh) + a;(Enp, &on) +apis(Eu,, OtEs;vin, &,p)
+ So(atEppv wph)ﬂp + bf(thv Epf) + bp(Vpiw Epp) + abe(fpha Epp)
+ b0 (Vi Vphs Epps EX) = 0f(Buy, win) — bp(Bu,, wpn) — abe(OEy ,wpn)
= —(2(u(e) — ulen))e(uy), €(vyn))a, — ((1(e) = ulen)) K~ ap, vipn)a, - (6.17)

We set vin = by, win = dps € = 8t¢>,,7p, Vph = @y, Wph = Pp, In (6.17) and split the error as
the approximation and discretization error as shown in (6.14). Some terms can be simplified due
to the projection properties (6.1), (6.8), and (6.9):

bf(Xqu ¢pf) = bP(Xupa ¢pp) = bp(d)uanpp) = (pr7 ¢pp)Qp = br(d)ufv ¢upvat¢r,p; (b/\) =0.

We also use (6.3) to obtain

<¢)u:,J : np7 X)\>Ffp = 0 . (618)
Using the above simplifications, (6.17) results in

1d e S0 d
af<¢uf7 d)uf; Ch) + ag(¢up7 (z)up; Ch) + ’d)uf - 6td)np’2BJS + i%ap(¢npa ¢17p) + 5%”¢Pp”%2(9)

= —ays (Xufa ¢uf; Ch) - a;(x'r]p7 at¢np) - ag(Xup’ ¢up; Ch) - aBJS(XuJuatXT,p; ¢uf7 at¢np)
- bf(¢uf7pr) - abe(at(pnpa pr) + abe(atxnpa ¢pp) - <¢uf "y + at¢np sy, X)\>Ffp
= (2(p(e) = plen))e(uy), e(pu, ), — ((le) = plen)) K~ up, ¢y, )a, - (6.19)

We proceed with bounding the terms on the right hand side of (6.19). Using (5.10) and the Cauchy—
Schwarz, trace, and Young’s inequalities, we obtain, for any € > 0,

|af(Xuf7¢uf;ch)} + ‘ag(Xupv ¢)up;ch)‘ + |aBJS(Xuf78tX'r]p;¢ufvat¢np)}

< e (w3 ay) + bu, 320, + [0, = Oy, [Brs)

C
t (HXufH%p(Qf) + HXupH%%Qp) + Hatanﬁ{l(Qp)) - (6.20)
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For the viscous terms on the right hand side of (6.19), using (4.35), we deduce, for some € > 0,
| (20n(c) — plen))e(up), e(du,)) g | + [ ((le) — plen)) K ap, by, ), |
< ¢ (10, oy + 160, [Eaga) + S IEN 220y (6.21)
We bound the rest terms on the right hand side of (6.19) that do not involve Bt(bnp as follows:
105 (Puys Xpp)| + [@be@exy,» $p,)| + [(Du, - 1p x0Ty, |

C
< € (6w, Wus(ay) + 19n, 3200,y + = (Do By + 1963, Wrs ) + Il ) 5 (6:22)

where we used the trace inequality for the third term. Next, after time integration, we use integration
by parts in time for the terms on the right hand side of (6.19) containing 8t¢,7p:

t
— [ (a5, D1, + b Out x3) + (01, o), )

t

t
0 - <¢"7p ’ nva/\>Ffp

t
0 - ab€(¢np7 pr)

= _afa(any d)'r]p) 0

t
—|—A (a;(atxnp, ¢77p) + Olbe(qbnpa 8tpr) + <¢'r]p : np7atX>‘>FfP> ds
< 2 Q 2 2 2
< elln, Ol (0, + < (150, O, + X0, OllF 0,y + A OIF2qr,,)
+C (I, (03 (gy) + X, Oy + 110, (0326 + 133 O) 22, )
¢ 2 2 2 2
+ C/o <||5tan||H1(Qp) + 19:xp, 122,y + 100l L2(r,,) + ||¢'r7p”H1(Qp)> ds . (6.23)

Integrating (6.19) in time from 0 to ¢, combining it with (6.20)—(6.23), utilizing the coercivity of
the functionals on the left hand side of (6.19), cf. Lemma 2.1, and taking e small enough, we obtain

t
|6, (D121 (0, + 50ll6m, (D132, + /O (1w, rs ) + I, 200y + 1w, = Bicbyy 355 ) ds

t
<C (/0 (HXufH%—Il(Qf) + HXUpHiQ(QP) + H@X%H%p(gp) + HprHzm(Qf) + ‘|X>\|]%2(Ffp)

1000, 2200,y + 100032t ) 5 + 1, OlEn ) + I (D220, + DA O e,

15, O gy + I 022063,y + DA ey + by, (O gy + 160 (O

t t
-/ (rcz»,,p\Hlmpquc\%z(m)ds)+e | el ds. (6.24)

Next, we use the discrete inf-sup condition (5.2) to bound ¢, ¢, and ¢. From (6.17), we have

||(¢pf7 d)pp’ ¢A)||Wf><Wp></~\h

<C sup (v rns Vph)\lxﬁxvp( — ay(Bu,, Vinicn) — ai(Bu,, Vpnicn)
Oi(th,Vph)EVfXVp
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—apys(Euys OEn 5 vin, 0) = bp(Vin, Xp;) = bp(Vphy Xp,) = 00 (Vgns Vphs 05 X2)
— (2(u(c) — plen))e(uy), €(ven))a, — ((ulc) — H(Ch))K_lumVph)Qp)
<C (||¢uf||H1(Qf) + 1du, llL2(0,) + 1Pu, — Ordy [Bss + [Xu, 1 (0)) + X0, lIL2(2,)
+ 190, 12 (2,) + IXps 22 0p) + X0, 22(0,) + XA L2, ) + HEcHL?(Q)) ; (6.25)

where we used (6.3) in the last inequality. Combining (6.24) with the squared and time-integrated
(6.25) and taking € small enough, results in

t
60, Ol 0, + 0060 Ol + [ (K, o) + 161 e, + B, = b o) s
b [ (1905 3y + 160, oy + oI, ) d
0 prllL2(Qy) o llL2(Q,) MLz (ry,) ) 45
t
< c( [ (s P+ e By + 1006, Iy + I W (6.20

+ ||pr\|%2(9p) + ”X/\HQH(F“,) + HatprHQm(Qp) + H8tXA||%2(rfp))d3 + Han(t)H%{l(Qp)

Iy (D220, + DO e, + 1D, (O + Dy 022, + 1A O Biagr,

t
+ 1, Ol 0, + 100 Ol 0y + [ (10, ey + 1Bl ds>.

Error estimate for the transport subproblem. We next derive an estimate for E., which
depends on E,. We take the difference between (2.11g) and (5.3g) to obtain the error equation

(¢0¢Eec, ) + (D(up)VE, Vi) + ((D(u) — D(up)Ve, Vi)
— (cEu, V1) — (Ecup, Vibn) — (¢ Ec, ) = 0. (6.27)

We take the test function ¢, = ¢., and rearrange (6.27) as follows:

(90tpe, oc) + (D(up)Voe, Voo) — (47 e, dc)
—(¢0rXe, de) — (D(up)Vxe, Voe) + ((D(u) — D(up))Ve, Vo)
+ (¢eup, Vée) + (Xeun, Voe) + (cEu, Vée) + (47 Xes de) -
Using (4.35), (5.10), (2.15), and the Cauchy—Schwarz and Young’s inequalities, we obtain

5 1626 2 ) + D (un) 2V 6 s o

C
< el Voelia () + ?<H¢0H%2(Q) +lIxelZoi) + 10xel2() + 1 VXellF20) + HEuH%?(Q)) - (6.28)

Integrating (6.28) from 0 to ¢ and taking e small enough, we obtain

t
66Oy + [ 19y ds < O [ (el + el + 1l
+ HVXCH%B(Q) + HEuinZ(Qf) + HEUpHi%Qp))ds + H¢c(0)”%2(9)) : (6.29)
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Error estimate for the coupled problem. Combining (6.26) with a sufficiently small multiple

t
of (6.29) and using Gronwall’s inequality for the terms / <H¢%H%{1(Qp) + ||ECH%2(Q)> ds in (6.26)
0

t
and / ||¢CH%2(Q)ds in (6.29), we obtain
0

t
60, OBy + 0060, O30y + 16Oy + [ (18 Py + 160, P
_ 9 2 2 2 2 2 d
+ [Pu, = 0idy |B1s + [10p,12200;) + 110122,y + 02l 22(0,,) + HV¢0HL2(Q)> s
! 2 2 2 2 2
< Cep(@0) [ (I, s + ey Iy + 10, By + e iy + D

+ ||X>\||%2(pr) + ||atpr||%2(Qp) + ”8tX/\H%2(rfp) + ’|Xc||%2(9) + HatXCH%?(Q) + ”VXcH%ﬂ(Q))dS

1, Oy + Iy (D220, + a @Bz, s + 1, 000y + 10 (01320,
OB, + by Ol ) + 105, (0) 220, + ||¢c<o>||%2(m) . (6.30)

We next bound the initial error terms in (6.30). Recall that the Stokes-Biot initial data is con-
structed in (3.18) and (3.19) and the concentration initial data ¢ is defined in (3.9). Classical
error analysis for the Stokes—Darcy system (3.18), see [42], and the elasticity problem (3.19), com-
bined with the approximation properties (6.4)—(6.5) and (6.10)—(6.13), implies that

o, (O)ller1 () + ll0p, (0)l| 2@,y < CRMMESIHLEF LS LA (6.31)

while (3.9) gives that
[0(0)[[2(0) = 0. (6.32)
The final error bound (6.16) follows from combining (6.30)-(6.32) and using the approximation
properties (6.4)—(6.5), (6.7), and (6.10)—(6.13). O

Remark 6.1 The choice of the non-conforming Lagrange multiplier space Ay, (5.1) guarantees that
(6.18) holds. If instead a conforming space Ay, C A was used, (6.18) would not hold. An optimal
bound for the extra term <¢up . np,x,\>rfp, using the mormal trace inequality, requires a bound on
IV - @y, llL2(,), which is not provided in the above theorem. This would result in a reduction of

h=Y2 in the error estimate.
We next establish a bound on ||V - (1 —upp) || 12(q,) under the following additional assumption.
Assumption 6.1 There exists a constant ¢ > 0 such that |u| > ¢ for all (x,t) € Q, x (0,T].

Lemma 6.2 Under Assumption 6.1, there exists a constant C independent of h such that for 1 <
i?j? k S d’
9D (u))i;  O(D(up))

ouy, ouy, i,

V(x,t) € Q, x (0,T], Y < Clu—uy. (6.33)

Proof. Consider the case k =i # j. The other cases are handled similarly. Recalling the definition
(2.9), it is enough to consider (D(u));; := |[u|(E(u));; = T2, We have

O

oDu));; uw; uluy,

B S S22 ¥ A/ R | . 34
u, o]~ TupP (6.34)



For the first term on the right hand side we have

Uj Uy

lu|  [uy

uj — up lup| — |ul

[u
where we used Assumption 6.1 and the reverse triangle inequality. For the second term on the right

hand side of (6.34), assume without loss of generality that for a fixed (x,t) € Q, % (0,77, |up| < |u].
If this is not true, then |uy| > ¢ and the argument can be done by reversing u and u,. We have

<

2
< <lu—wl, (6.35)
¢

uj —uy; | up(jug| — ul)‘
[u [ul[uy|

[u|

2

wh W (ud( ) (0w Junyug (sl uf) _ §’u o
P WP T uf [u? [ul?u,f? S
(6.36)
Inequality (6.33) follows from (6.34)—(6.36). O

Theorem 6.3 Under the conditions of Theorem 6.1 and Assumption 6.1, assuming that the solution
of problem (P) is sufficiently smooth, there exist constants C' and L independent of h, such that

IV - (W — wpn) [z (07522(0,)) < C V/exp(LT) Rrmnths syt blotlsp kel (6.37)

Proof. We subtract (5.3e) from (2.11e), take wyy, = V - ¢, , and use (6.9) to obtain

IV - @u, llr20,) < s0ll0cbp, lL2(0,) + 50l10ixp, [ 12(0,) + @Oy 12 (0,) + allOixy 20, - (6.38)

We proceed by deriving bounds on [9;¢p, | 12(q,) and Hatc;l)anH1(Qp). Differentiating in time the
error equation (6.17) and choosing the test functions to be v, = at(buf, wep = OPp,, My = attqbnp,
Vph = at¢up, Wpp, = 8t<z5pp, and vy, = Org), we obtain

af(Orpu; 0o, cn) + ap(Oru,, Dy, cn) + |0bu, — Ity [5s
+ ay Oy Onepyy ) + 50(Orep,, Ordp, ),
= —af(OXuy» OrPuyi cn) — ar(Puyr Ordy,; Orcn) — ay(Xuyr OrPuy; Oren) — ay(Oixy , Ondy )
— (01X, OrPuyi ) — A(Du,, 1y, Orch) — af(Xu, » Dby, ; Drch)
— apys(0iXu, OXn ; Orbu,: Orby ) — bp(Osdu,, Orxp,) — abe(Osipyy 5 Oixp,)
+ abe(OiXn,» Odp,) — (Orbu, -1y + Oupy -1y, Opx2)ry, — ap(Onuy, iy, ¢ — cn)
— ag(uy, Oy,; Or(c — cn)) — ap(Orup, Dy, ;¢ — cn) — ag(Up, Dy, ; (e — cn)) -

Following the argument leading to (6.26), we deduce
¢
Hat¢np<t)H%{1(Qp) + 50[10:6p, (720, +/0 (Ha@uf”%ll(nf) + Hatd’up”%‘zmp))ds

t
<0 (ti+ [ (10, By + 1Ex + 10BN ) ). (6.39)

where [ is a collection of optimal order approximation and initial error terms. We next derive
the bound for the transport equation. Differentiating in time the error equation (6.27) and taking
Y, = Oz, results in

(¢att¢07 8t¢c) + (D(uh)atv¢67 atvd)c) - (qiatgbm at¢c)
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(515 (uh)ngc, 3tv¢c) (¢attXCa at¢c) - (atD(uh)VXc, atVQbC) - (D(uh)atVXc, atv¢c)
+ (0¢(D(u) = D(uz)) Ve, 9 Vo) + (D(u) — D(up))9,; Ve, 9 V)
+ (Ordcun, 0:Voe) + (¢cOran, 0 Voe) + (Orxcun, 0 Voe) + (XcOrup, 0V e)
+ (01cEu, 0V oe) + (OB, 0V oc) + (7 OiXe, Orde) -

The key new term is (3;(D(u) — D(uy,))Ve, V). Since d;(D(u));; = N4, B(Da(ll:g 1 Qpuy, using
(6.33), we have

[(8:(D(u) = D(up)) Ve, 8:Vee)| < C ([[u—upllpz) + 10 (0 — wp)lipzq)) 10: Vel 20

Following the argument leading to (6.29), we obtain
1016022 / 10:79ell2aq ds

<C <[2 +/0 (H@%H%%Q) +|[Eullfz) + ”atEuHiQ(Q)> dS) ; (6.40)

where Iy is a collection of optimal order approximation and initial error terms. Combining (6.39),
with a sufficiently small multiple of (6.40), (6.26), and a sufficiently small multiple of (6.29),
t

and using Gronwall’s inequality for the terms / (Hatd)an%{l(Qp) + ||3tECH%2(Q)) ds in (6.39) and
0

t t t
| 1000l oysin (640, aswellas [ (1, I+ 1l ) dsin (626) and [ ey
n (6.29), results in

10vn, ()00, + 5001906, ()220, + 10k0e(8) 220

t
+/0 10:bu, IFr @,y + 10, T2, + Hatv¢cH%2(Q)>ds

<C exp(Lt)h2 min{ky,sp+1,kp+1,5p+1,ks ke } ) (641)

/N

Bound (6.37) now follows from (6.38) and (6.41). O

7 Numerical results

In this section, we present two numerical results illustrating the performance of the fully discrete
method associated with (3.4)—(3.5), using a backward Euler time discretization and a Picard iter-
ation, implemented with the finite element package FreeFEM [40]. In the first test, we verify the
theoretical convergence rates using a problem with a known analytical solution. The second exam-
ple illustrates the application of the method to simulate flow and transport in a poroelastic medium
with an irregular channel network and physically realistic parameters.

Example 1: Convergence test

In this example, we present a convergence test verifying the theoretical convergence rates for a
problem with a known analytical solution. Let At denote the time step, T = NAt the final time,
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(a) Convergence test (b) Flow in channelized media

Figure 7.1: Computational domains for Example 1 (left) and Example 2 (right).

t, = nAt, and ¢" = @(t,). For a given spatial space X with norm | - | x, we define the following
discrete-in-time norms:

1< <N

N 1/2
P2 (0,7;x) = (AtZHWLH%{) Pllio0 (0,7;x) == max ||¢"||x -
n=1

The computational domain is 2 = (0,1) x (-1, 1), with , = (0,1) x (=1,0) and Q7 = (0,1) x (0,1),
as shown in Figure 7.1(a). The manufactured solution is

uy = exp(t) sin(mx) <cosz(/7ry)> . pf =exp(t)sin(rx) cos (%y) + 27 cos(t),

Ty
— cos(mx) cos 5

mexp(t) ) Y
u, = ———- ,  pp =exp(t)sin(rz)cos (=) ,
#) | S sinrr) sin (T2 (%)
— t 1
n, = sin(t) ( 3xy++0(l)s(y)> ) e= (cos(mx) + cos(my)), and p(c)=2-— 1

In addition, we set K = I, and the diffusion-dispersion parameters in (2.9) are ¢ = 1 in Qy,
¢ =04in Q,, dy, = 1073, and oy = a; = 1. On the interface I'yp =y =0, we set the constant
viscosity p(co) = p(c(0)) = 1. The manufactured Stokes-Biot solution does not satisfy the interface
conditions in (2.7). Consequently, the right-hand side must be modified to account for the resulting
interface residuals. Furthermore, the data fy, ¢¢, f,, and g, are computed from (2.1)—(2.2) using
the exact solution. The model is complemented with appropriate Dirichlet boundary conditions for

uy, Uy, 1,, and ¢, as well as the initial datum cy. The initial values pj ¢ and 7, are obtained by
solving (3.18)—(3.19).

We investigate convergence for two choices of finite element spaces. For the lower-order choice,
we use a MINI-element-based discretization, namely P? — P; for Stokes, lowest-order Raviart—
Thomas spaces RT o — Py for Darcy, P, elements for displacement, Py elements for the Lagrange
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multiplier, and P; elements for concentration. The higher-order choice consists of a Taylor—-Hood-
based discretization with Py — Py, RT1 — P, Py, P, and Py, respectively. The final time is
T = 1073 with At = 10~ for the MINI-element discretization, and 7' = 10~° with At = 1076
for the Taylor—-Hood discretization. In both cases, At is chosen sufficiently small so that the time
discretization error does not affect the spatial convergence rates. The relative errors and convergence
rates for a sequence of mesh refinements are reported in Tables 7.1 and 7.2 for the lower and higher
order choices, respectively. We observe first-order convergence for all variables in Table 7.1 and
second-order convergence in Table 7.2, in agreement with Theorems 6.1 and 6.3.

1Bu, 2@y | 1Bz | 1Buleaew,)) | 1V Eu, iz, | 1Ep, lier2@,))
h error rate error rate error rate error rate error rate
0.354 || 3.27E-02 - 5.36E-02 - 1.16E-02 - 3.99E-02 - 1.03E-01 —
0.177 || 1.54E-02 1.091 | 1.46E-02 1.877 | 5.81E-03 1.009 | 2.01E-02 0.988 5.17E-02  0.990
0.088 || 7.52E-03 1.031 | 4.62E-03 1.659 | 2.90E-03 1.000 | 1.01E-02 0.997 2.59E-02 0.997
0.044 || 3.73E-03 1.013 | 1.55E-03 1.576 | 1.45E-03 1.000 | 5.05E-03 0.999 1.29E-02 0.999
0.022 || 1.86E-03 1.006 | 5.33E-04 1.541 | 7.26E-04 1.000 | 2.52E-03 1.000 6.47E-03  1.000
0.011 || 9.26E-04 1.003 | 1.85E-04 1.522 | 3.63E-04 1.000 | 1.26E-03 1.000 3.24E-03  1.000

1B [liee (e, (92,)) 1Eelliz () [ Eelf1= (22 (2) Bl L2 ry,))
error rate error rate error rate h fp error rate iter
1.14E-02 — 6.72E-06 — 1.72E-05 — 1/4 5.18E-03 — 3

4.19E-03 1.441 | 3.25E-06 1.046 | 3.57E-06 2.267 1/8 2.55E-03 1.024
1.17E-03 1.835 | 1.60E-06 1.026 | 8.08E-07 2.144 || 1/16 | 1.27E-03 1.006
3.00E-04 1.968 | 7.93E-07 1.010 | 1.94E-07 2.056 || 1/32 | 6.34E-04 1.001
7.56E-05 1.988 | 3.96E-07 1.002 | 4.86E-08 2.000 | 1/64 || 3.17E-04 1.000
1.95E-05 1.953 | 1.98E-07 0.998 | 1.25E-08 1.959 || 1/128 || 1.59E-04 1.000

W W W w w

Table 7.1: [Example 1] Mesh sizes, errors, convergence rates, and average number of Picard iterations
for the MINI-element-based discretization of the Stokes-Biot-transport model with At = 1074,

Example 2: Flow and transport through poroelastic media with channel network

In this example, we apply our method to a physically realistic flow and transport problem in
a poroelastic aquifer containing an irregularly shaped network of channels. The computational
domain, of size 2m x 2m and representing a horizontal cross-section of the aquifer, is shown in
Figure 7.1(b). The channel network corresponds to the free-fluid region Qy, while the remainder
of the domain constitutes the poroelastic region €2,. The flow is driven from left to right by a
pressure drop of 1kPa. The transport equation models the concentration of mercury, which enters
the water-filled domain through the inflow boundary. For the nonlinear viscosity function u(c), we
employ the well-established quarter-power mixing law [41]:

—4
ple) = (en®® + (1= ug®®)

where p is the viscosity of the solute (mercury) and pg is the viscosity of the solvent (water).
For the poroelastic structure, we modify the first equation in (2.2a) by adding a spring-like term
(see [14,15]):

M, —V-ou(n,pp) =0 in Q, x(0,7]. (7.1)
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B, llz@e | 1B e | 1B, lewew,) | IV Ballecew,) | 1, @)
h error rate error rate error rate error rate error rate
0.354 || 4.35E-04 - 9.99E-05 - 9.82E-05 - 4.63E-04 - 1.19E-02 -
0.177 || 1.12E-04 1.963 | 1.57TE-05 2.672 | 2.49E-05 1.982 | 1.17E-04 1.989 2.99E-03 1.990
0.088 || 2.81E-05 1.988 | 3.27E-06 2.259 | 6.25E-06 1.993 | 2.92E-05 1.997 7.49E-04 1.998
0.044 || 7.05E-06 1.996 | 7.78E-07 2.073 | 1.57TE-06 1.997 | 7.31E-06 1.999 1.87E-04 1.999
0.022 || 1.77E-06 1.999 | 1.92E-07 2.019 | 3.92E-07 1.999 | 1.83E-06 2.000 4.68E-05 2.000
0.011 || 4.41E-07 1.999 | 4.78E-08 2.005 | 9.80E-08 1.999 | 4.57E-07 2.000 1.17E-05 2.000

1Es [[1e (11, (2,)) [ Eecllizr () [ Eellie=(r2(2)) IExi2(z2(ry,))

error rate error rate error rate hp error rate iter
1.59E-03 - 6.50E-10 - 1.11E-08 - 1/4 5.12E-05 - 2
2.78E-04 2.519 | 1.61E-10 2.010 | 1.43E-09 2.955 1/8 1.28E-05 1.996 2
4.90E-05 2.504 | 4.00E-11 2.012 | 1.81E-10 2.981 1/16 3.21E-06 1.999 2
8.66E-06 2.501 | 9.98E-12 2.004 | 2.27E-11 2.994 1/32 8.03E-07 2.000 2
1.53E-06 2.501 | 2.50E-12 1.999 | 2.85E-12 2.995 1/64 2.01E-07 2.000 2
2.71E-07 2.500 | 6.33E-13 1.980 | 3.68E-13 2.955 || 1/128 || 5.02E-08 2.000 2

Table 7.2: [Example 1] Mesh sizes, errors, convergence rates, and average number of Picard iterations
for the Taylor—Hood-element-based discretization of the Stokes—Biot—transport model with At =
1076,

The additional term accounts for circumferential strain around the channel, which is lost in the
two-dimensional setting. We note that it does not alter the theoretical results, as it contributes a
positive term to the weak formulation. The model parameters, which are physically realistic for an
aquifer, are given in Table 7.3. We note the very small values of the storativity and permeability
and the very large values of the Lamé coefficients, which results in a challenging computational
system.

The boundary conditions are as follows:

pp=1 on Tpiept, Pp=0 on Iyrighe, Uy -np=0 on I'piop ULy pottom;
opyn, =0 on I'yer, N, = 0 on Iy ignt;
(opny) -ny =0 and n, -7, =0 on Iy ULy pottom
up-ny =02 and up-7r=0 on Tjfpp;
(omy) - ng=0 and ur-7,=0 on Ifright Ul f10p;
(cu—=DVce) -n=(cpu)-n, c¢p=1 on Ipep, (DVe) - n=0, on Oy ers -

We set the initial conditions as 1,0 =0, ppo =0, and ¢o = 0.

The total simulation time is T = 25s, with a time-step size of At = 0.01s. For the spatial
discretization, we employ the MINI-element-based approach, namely, 73{) —7P1 elements for the Stokes
problem, the lowest-order Raviart-Thomas pair RTy — Py for the Darcy problem, P; elements for
the displacement, Py elements for the Lagrange multiplier, and P; elements for the concentration.
Similar results are obtained with the Taylor-Hood-based discretization.

Figure 7.2 shows the computed Darcy pressure, displacement, and Stokes velocity fields at the
final time 7' = 25s. The Darcy velocity u, and pressure p, are largest in the region between the

42



Parameter Units  Symbol Value

Mass storativity kPa~! S0 5x 1072
Lamé coeff. kPa Ap 5/18 x 107
Lamé coeft. kPa I 5/12 x 107
Permeability m? K 10781

Biot-Willis constant @ 1
BJS coeff. ABJS 1

Solute viscosity kPa s s 1.526 x 1076

Solvent viscosity kPa s 140 8.9 x 1077

Porosity (in Q) ) 1.0

Porosity (in €) ® 0.4

diffusivity (in Qf)  m?/s dm 107

diffusivity (in Q,)  m?/s dm 5x 1074
longit. dispersion m %) 5x 1074
transv. dispersion m Qy 5x 1074

Table 7.3: Physical parameters for Example 2.

\0\3‘3\\ Ly \0'\6‘7\\ [N \“] |nph| 00e+00 1‘Ze‘f‘0‘4 L \3\'3\?0\4\ 1L ‘ﬂe—ﬂd |ufh| Oﬂ\q\]‘(\)\ . \0\'3‘2\\ [ \&48

0
pph -

Figure 7.2: [Example 2] Computed Darcy pressure (with arrows scaled according to the Darcy
velocity), displacement, and Stokes velocity fields at the final time 7" = 25 seconds.

inflow boundary and the adjacent channel, which leads to larger displacements n,, in this region.
We observe that, at each bifurcation of the channel network, the Stokes velocity field uy follows a
preferential path through the wider channel. Six snapshots of the concentration solution at different
times are shown in Figure 7.3. As expected, the mercury follows the flow and propagates much
faster in the channel network than in the poroelastic region. On the other hand, we also observe
mercury propagation in the inflow-side poroelastic region, where the Darcy velocity is larger, causing
the solute to enter the left channel through the fluid—poroelastic interface. This results in two
coexisting mercury streams in the channel network. The two streams do not mix until close to the
final simulation time. In Figure 7.4, we show the fluid viscosity p(cp) at the same six snapshots.
Its profile is similar to that of the concentration. The lower bound of the color scale in Figure 7.4
(blue) corresponds to the viscosity of water, while the upper bound (red) corresponds to the viscosity
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Figure 7.3: [Example 2] Computed concentration at times T € {1,2.5,5} seconds (top row) and
T € {10, 15,25} seconds (bottom row).

of mercury. This example illustrates the ability of the proposed numerical method to simulate a
challenging problem with irregular geometry and physically realistic parameters that vary over a
wide range. The obtained results are free of numerical instabilities and are qualitatively consistent
with the expected physical behavior. In addition, several interesting high-fidelity transport patterns
are observed.

8 Conclusions

In this paper we developed a mathematical model and its numerical approximation for coupling
fluid—poroelastic structure interaction with transport. The model is fully coupled and nonlinear,
which presents difficulties in the analysis. To handle this, we first analyze the decoupled and lin-
earized subproblems and then employ a contraction argument for an iterative procedure to obtain a
solution of the coupled nonlinear problem. The well posedness analysis of the proposed semidiscrete
continuous-in-time finite element scheme utilizes the framework of the continuous problem. In ad-
dition, we derive optimal order error estimates for all variables in their corresponding norms. The
presented numerical experiments verify the theoretical results and illustrate the good performance
of the method for a computationally challenging problem with physically realistic parameters and
irregular geometry. Future research directions include studying the Navier—Stokes—Biot—transport
problem and utilizing Banach space techniques [38] to handle lower velocity regularity.
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Figure 7.4: [Example 2] Computed fluid viscosity at times 7' € {1,2.5,5} seconds (top row) and
T € {10, 15,25} seconds (bottom row).
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