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Abstract

We analyze a locking-free mixed-primal formulation of the stationary Biot–Brinkman–Forchheimer
model. This problem describes the interaction between the deformation of a porous skeleton and a
viscous fluid subject to nonlinear inertial resistance. By introducing the total pressure as an addi-
tional unknown, the formulation involves the solid displacement, fluid velocity, total pressure, and
pore pressure. The well-posedness of the continuous problem is established by means of monotone
operator arguments. We then introduce conforming Galerkin discretizations based on Stokes-stable
finite element pairs and prove their unique solvability. A priori error estimates are derived with
constants independent of the first Lamé parameter, thereby showing that the method is locking-
free in the nearly incompressible limit. In addition, we develop a residual-based a posteriori error
estimator and establish its reliability and efficiency up to higher-order terms. Several two- and
three-dimensional numerical experiments confirm the theoretical convergence rates, the robustness
of the method for large values of the first Lamé parameter, and the ability of the estimator to guide
the refinement towards localized regions of large pressure gradient. Further experiments involving
a strongly heterogeneous porous medium and a brain-shaped domain illustrate the computational
performance of the proposed approach in heterogeneous and geometrically complex configurations.
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1 Introduction

The interaction between fluid flow and the deformation of a porous solid arises in a wide range of ap-
plications in science and engineering. Representative examples include soil consolidation, groundwater
flow, subsidence and compaction of hydrocarbon reservoirs, hydraulic stimulation of geological forma-
tions, filtration processes, and the mechanical response of fluid-saturated biological tissues. In these
applications, variations in the pore pressure induce deformation of the solid skeleton, while changes
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in the porous structure affect the transport of fluid through the medium. The classical mathematical
description of this coupled behavior is provided by Biot’s theory of poroelasticity [5]; see also [39] for
further discussion of its physical foundations and applications.

In its standard form, the Biot model combines linear elasticity for the porous skeleton with Darcy’s
law for the filtration velocity. Although Darcy’s law is appropriate in flow regimes dominated by linear
drag, it does not account for the internal viscous diffusion of the fluid. This limitation becomes relevant
in highly permeable materials and in media containing channels, fractures, vugs, or transition regions
where Darcy- and Stokes-type flow mechanisms may coexist. The Brinkman equation [8] extends
Darcy’s law by incorporating a viscous diffusion term and thus provides a more general description of
flow through heterogeneous porous structures; see, for example, [41, 20]. The linear relation between
the pressure gradient and the filtration velocity assumed by the Darcy and Brinkman models may also
become inadequate when the fluid velocity is sufficiently large. In such regimes, inertial effects give
rise to an additional nonlinear resistance, commonly described by the Forchheimer correction [22].
The resulting Brinkman–Forchheimer model combines viscous diffusion, linear Darcy resistance, and
nonlinear inertial drag. It therefore provides a suitable framework for describing non-Darcy flow in
highly permeable or strongly heterogeneous porous media, particularly in the presence of preferential
flow paths or localized sources; see [20] and the references therein. These considerations motivate
the coupling of Biot poroelasticity with the Brinkman–Forchheimer equations. The resulting Biot–
Brinkman–Forchheimer model describes the deformation of a fluid-saturated porous skeleton when
the pore flow is simultaneously affected by viscous diffusion and nonlinear drag. Such a coupling is
relevant in geological and reservoir applications involving heterogeneous permeability fields, as well as
in filtration devices, deformable porous structures, and biological tissues where localized forcing may
generate large pressure gradients and significant variations in the fluid velocity. From the mathematical
viewpoint, the model combines the difficulties associated with nearly incompressible elasticity, mixed
velocity–pressure coupling, and a nonlinear monotone flow operator.

The numerical approximation of poroelastic systems has received considerable attention over the last
decades. One of the main difficulties is the deterioration of standard displacement-based methods in
the nearly incompressible regime, characterized by large values of the first Lamé parameter. Locking-
free formulations have therefore been developed by introducing the total pressure, volumetric stress,
or related scalar variables as additional unknowns. In particular, a three-field formulation involving
the solid displacement, pore pressure, and total pressure was analyzed in [37], yielding stability and
finite element error estimates robust with respect to the incompressibility parameter. Related mixed,
conservative, discontinuous Galerkin, and virtual element schemes for poroelasticity can be found in
[35, 9, 43]. Several recent works have extended this type of analysis to the Biot–Brinkman equations.
Robust approximations for generalized Biot–Brinkman systems were introduced in [31]. A vorticity-
based formulation, together with robust finite element solvers, was studied in [13], while a virtual
element discretization based on Nitsche’s technique was proposed in [36]. A fully dynamic five-field
mixed formulation for the Biot–Brinkman model was analyzed in [11]. These contributions account
for the effect of Brinkman viscous diffusion in deformable porous media, but they do not include the
nonlinear Forchheimer resistance considered in the present work. In parallel, a variety of finite element
and virtual element methods have been developed for nonlinear Brinkman and Brinkman–Forchheimer
equations in rigid porous media. An augmented pseudostress-based mixed formulation for a nonlinear
Brinkman model was analyzed in [24], and a corresponding mixed virtual element method was proposed
in [27]. A vorticity-based mixed formulation for the unsteady Brinkman–Forchheimer equations was
studied in [2], whereas an augmented mixed finite element method, including a priori and residual-
based a posteriori error analyses, was developed in [14]. Virtual element discretizations for Brinkman–
Forchheimer systems coupled with additional transport equations have also been considered; see,

2



for instance, [1]. Motivated by the previous discussion, the present work combines the nonlinear
Brinkman–Forchheimer flow law with a total-pressure formulation of poroelasticity. More precisely,
we propose and analyze a mixed-primal formulation of the stationary Biot–Brinkman–Forchheimer
model in terms of the solid displacement, the fluid velocity, the pore pressure, and the total pressure.

The main contributions of this work are as follows. At the continuous level, we establish the
existence and uniqueness of a solution by exploiting the strong monotonicity and continuity of the
Brinkman–Forchheimer operator, together with suitable stability properties of the coupling operators
and the Browder–Minty theorem. At the discrete level, we introduce conforming Galerkin approx-
imations based on Stokes-stable finite element pairs and prove the well-posedness of the resulting
nonlinear problem. We also derive a priori error estimates with constants independent of the first
Lamé parameter, thus showing that the method is locking-free in the nearly incompressible limit.
Furthermore, we construct a residual-based a posteriori error estimator and establish its reliability
and efficiency up to higher-order terms. The theoretical results are complemented by several two- and
three-dimensional numerical experiments that confirm the predicted convergence rates and illustrate
the robustness of the scheme, the performance of the adaptive procedure in regions of large pressure
gradients, and the applicability of the method to heterogeneous media and complex geometries.

The remainder of the paper is organized as follows. In Section 2, we introduce the stationary
Biot–Brinkman–Forchheimer equations, define the total-pressure variable, and derive the associated
mixed-primal variational formulation. The well-posedness of the continuous problem is established in
Section 3. In Section 4, we introduce the conforming Galerkin scheme and derive its stability and a
priori error estimates. Section 5 is devoted to the construction and analysis of the residual-based a
posteriori error estimator. The numerical experiments are presented in Section 6, including locking-
free convergence tests, a heterogeneous permeability benchmark, adaptive computations on two- and
three-dimensional L-shaped domains, and an experiment on a brain-shaped geometry. Section 7
summarizes the main conclusions and discusses possible extensions of the proposed framework. Finally,
the auxiliary results are collected in three appendices. Appendix A establishes a discrete approximation
property used in the a priori error analysis, Appendix B recalls the interpolation estimates used in
the reliability analysis, and Appendix C presents the bubble-function and inverse estimates employed
in the efficiency analysis.

We conclude this introductory section by introducing some standard notation and the functional
spaces employed throughout the paper. Let Ω ⊂ Rd, d ∈ {2, 3}, denote a domain with Lipschitz
boundary Γ. For s ≥ 0 and p ∈ [1,+∞], we denote by Lp(Ω) and Ws,p(Ω) the usual Lebesgue and
Sobolev spaces endowed with the norms ‖ · ‖Lp(Ω) and ‖ · ‖Ws,p(Ω), respectively. Note that W0,p(Ω) =
Lp(Ω). If p = 2, we write Hs(Ω) in place of Ws,2(Ω), and denote the corresponding norm by ‖ · ‖Hs(Ω).
By M and M we will denote the corresponding vectorial and tensorial counterparts of a generic scalar
functional space M. The L2(Ω) inner product for scalar, vector, or tensor valued functions is denoted
by (·, ·)Ω. The L2(Γ) inner product or duality pairing is denoted by 〈·, ·〉Γ.

In turn, for any vector field v := (vi)
d
i=1, we define its gradient and divergence by

∇v :=

(
∂vi
∂xj

)d
i,j=1

and div(v) :=
d∑
j=1

∂vj
∂xj

.

In addition, for any tensor fields τ = (τij)
d
i,j=1 and ζ = (ζij)

d
i,j=1, we let div(τ ) be the divergence

operator div acting along the rows of τ and define the tensor inner product as

τ : ζ :=
d∑

i,j=1

τij ζij .
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In what follows, when no confusion arises, | · | denotes the Euclidean norm in Rd or Rd×d. In addition,
in the sequel we will make use of the well-known Hölder inequality given by∫

Ω
|f g| ≤ ‖f‖Lp(Ω) ‖g‖Lq(Ω) ∀ f ∈ Lp(Ω), ∀ g ∈ Lq(Ω), with

1

p
+

1

q
= 1 , (1.1)

which in the particular case when p = q = 2, corresponds to the Cauchy–Schwarz inequality∫
Ω
|f g| ≤ ‖f‖L2(Ω)‖g‖L2(Ω) ∀ f, g ∈ L2(Ω) , (1.2)

and the Young inequality, for a, b ≥ 0, 1/p + 1/q = 1, and δ > 0,

ab ≤ δp/2

p
ap +

1

q δq/2
bq . (1.3)

2 The model problem and its mixed-primal variational formulation

In this section, we introduce the stationary Biot–Brinkman–Forchheimer model and rewrite it in a
form that is convenient for the analysis to follow. We then derive its associated variational formulation.

2.1 The model problem

Let Ω ⊂ Rd, d ∈ {2, 3}, be a bounded Lipschitz domain occupied by a deformable porous medium,
with boundary Γ := ∂Ω. We consider a Biot–Brinkman–Forchheimer system describing the interaction
between the deformation of the porous skeleton and a viscous fluid flowing through its pore network,
including the nonlinear inertial resistance modeled by the Forchheimer term. Let ν > 0 be the fluid
viscosity, D > 0 the Darcy coefficient, F ≥ 0 the Forchheimer coefficient, m ∈ [3, 4], α ∈ (0, 1] the
Biot–Willis constant, and s0 > 0 the storage coefficient. In addition, let fp : Ω → Rd denote the
body force acting on the porous skeleton, let g : Ω→ Rd denote the force acting on the fluid, and let
g : Ω → R be the scalar source term in the mass balance equation. Then, the governing equations
read

−div(σp) = fp , −ν∆u + Du + F |u|m−2u +∇p = g in Ω ,

s0 p+ α div(η) + div(u) = g in Ω ,

η = 0, u = 0 on Γ ,

(2.1)

where η denotes the displacement of the solid skeleton, u the fluid velocity, p the pore pressure, and
σp the poroelastic stress tensor. The latter is given by Hooke’s law as

σp := 2µ ε(η) + λdiv(η) I− αp I in Ω , (2.2)

where I stands for the identity tensor and ε(η) :=
1

2

(
∇η + (∇η)t

)
is the infinitesimal strain tensor,

while µ > 0 and λ > 0 are the Lamé parameters.

To obtain a formulation that remains well defined in the limiting case s0 → 0+, we impose the
normalization condition

(p, 1)Ω = 0 . (2.3)

Moreover, integrating the second equation of (2.1) over Ω and using the boundary conditions satisfied
by η and u, we obtain the following compatibility condition:

(g, 1)Ω = 0 . (2.4)
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Following the locking-free strategy for poroelasticity developed in [37], we introduce the total pres-
sure

θ := αp− λ div(η) in Ω . (2.5)

This change of variable allows us to rewrite the mechanical equation in terms of θ and to derive
stability estimates that do not deteriorate in the nearly incompressible limit λ → ∞. In addition,
using (2.3), the divergence theorem, and the homogeneous Dirichlet boundary condition for η, we
obtain

(θ, 1)Ω = α(p, 1)Ω − λ(div(η), 1)Ω = α(p, 1)Ω − λ〈η · n, 1〉Γ = 0 . (2.6)

Hence, using (2.1)–(2.6), the Biot–Brinkman–Forchheimer system can be equivalently rewritten as
follows: Find ((η,u), (θ, p)) in suitable spaces such that

−div
(
2µ ε(η)− θ I

)
= fp , −ν∆u + Du + F |u|m−2u +∇p = g in Ω , (2.7a)

1

λ
θ − α

λ
p+ div(η) = 0 ,

(
s0 +

α2

λ

)
p− α

λ
θ + div(u) = g in Ω , (2.7b)

(θ, 1)Ω = 0 , (p, 1)Ω = 0 , and η = 0 , u = 0 on Γ . (2.7c)

2.2 The mixed-primal variational formulation

We now derive a variational formulation associated with the reformulated Biot–Brinkman–Forchheimer
system (2.7). To this end, the homogeneous Dirichlet boundary conditions imposed on η and u
(cf. (2.7c)) naturally lead to test functions in H1

0(Ω) :=
{
v ∈ H1(Ω) : v = 0 on Γ

}
. Accordingly,

we test the mechanical equilibrium and Brinkman–Forchheimer equations in (2.7a) with ξ,v ∈ H1
0(Ω),

respectively. Integrating by parts and using ξ = 0 and v = 0 on Γ, we obtain

2µ (ε(η), ε(ξ))Ω − (θ,div(ξ))Ω = (fp, ξ)Ω ∀ ξ ∈ H1
0(Ω) , (2.8)

and

ν (∇u,∇v)Ω + D (u,v)Ω + F (|u|m−2u,v)Ω − (p,div(v))Ω = (g,v)Ω ∀v ∈ H1
0(Ω) . (2.9)

The weak identities (2.8)–(2.9) confirm that H1
0(Ω) is the natural search space for both η and u.

Indeed, this space provides the regularity required by the terms involving ε(η), ∇u, div(η), and
div(u), while incorporating the homogeneous Dirichlet boundary conditions in the sense of traces.
Thus, all terms in (2.8)–(2.9) are well defined for η,u ∈ H1

0(Ω) and p, θ ∈ L2(Ω). Moreover, the
nonlinear Forchheimer term is well defined in this setting. Indeed, since m ∈ [3, 4], the continuous
embedding im : H1(Ω) ↪→ Lm(Ω), together with Hlder’s inequality, gives∣∣(|u|m−2u,v)Ω

∣∣ ≤ ‖u‖m−1
Lm(Ω) ‖v‖Lm(Ω) ≤ ‖im‖m ‖u‖m−1

H1(Ω)
‖v‖H1(Ω) ∀u,v ∈ H1(Ω) ,

with ‖im‖ denoting the norm of the embedding im.

We next derive the weak form of the scalar equations. Testing the definition of the total pressure
and the reformulated mass balance equation (cf. (2.7b)) with ψ, q ∈ L2(Ω), respectively, yields

1

λ
(θ, ψ)Ω −

α

λ
(p, ψ)Ω + (div(η), ψ)Ω = 0 ∀ψ ∈ L2(Ω) , (2.10)

and (
s0 +

α2

λ

)
(p, q)Ω −

α

λ
(θ, q)Ω + (div(u), q)Ω = (g, q)Ω ∀ q ∈ L2(Ω) . (2.11)
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At this point, the scalar equations have been written with test functions in L2(Ω). However, the
conditions (2.3) and (2.6) imply that the scalar unknowns p and θ are sought in L2

0(Ω) :=
{
q ∈

L2(Ω) : (q, 1)Ω = 0
}

. Consequently, it is enough to test (2.10) and (2.11) with functions in L2
0(Ω).

Indeed, using the decomposition L2(Ω) = L2
0(Ω) ⊕ R, together with the fact (div(η), 1)Ω = 0 and

(div(u), 1)Ω = 0, which follow from the divergence theorem and the homogeneous Dirichlet boundary
conditions, the constant part of (2.10) is automatically satisfied. On the other hand, the constant part
of (2.11) reduces to the compatibility condition (2.4). Therefore, throughout the paper we assume
that g ∈ L2

0(Ω). Consequently, testing the scalar equations with functions in L2(Ω) is equivalent to
testing them with functions in L2

0(Ω).

Next, in order to rewrite the above formulation in a more suitable form for the analysis below, we
introduce the product spaces

H := H1
0(Ω)×H1

0(Ω) and Q := L2
0(Ω)× L2

0(Ω) ,

endowed with the norms

‖(ξ,v)‖2H := ‖ξ‖2H1(Ω)+‖v‖
2
H1(Ω) ∀ (ξ,v) ∈ H and ‖(ψ, q)‖2Q := ‖ψ‖2L2(Ω)+‖q‖

2
L2(Ω) ∀ (ψ, q) ∈ Q .

Then, adding (2.8) and (2.9), and also adding (2.10) and (2.11), we arrive at the following mixed-
primal formulation for the Biot–Brinkman–Forchheimer system: Find ((η,u), (θ, p)) ∈ H × Q such
that

[A(η,u), (ξ,v)] + [Bt(θ, p), (ξ,v)] = [F, (ξ,v)] ∀ (ξ,v) ∈ H ,

−[B(η,u), (ψ, q)] + [C(θ, p), (ψ, q)] = [G, (ψ, q)] ∀ (ψ, q) ∈ Q ,
(2.12)

where the operators A : H→ H′, B : H→ Q′, and C : Q→ Q′ are defined by

[A(η,u), (ξ,v)] := 2µ (ε(η), ε(ξ))Ω + ν (∇u,∇v)Ω + D (u,v)Ω + F (|u|m−2u,v)Ω , (2.13)

[B(ξ,v), (ψ, q)] := −(div(ξ), ψ)Ω − (div(v), q)Ω , (2.14)

[C(θ, p), (ψ, q)] :=
1

λ
(θ − αp, ψ − αq)Ω + s0(p, q)Ω . (2.15)

In addition, the linear functionals F ∈ H′ and G ∈ Q′ are given by

[F, (ξ,v)] := (fp, ξ)Ω + (g,v)Ω and [G, (ψ, q)] := (g, q)Ω . (2.16)

Throughout, the notation [·, ·] denotes the duality pairing associated with the corresponding operator.
Finally, we define Bt : Q→ H′ as the adjoint of B, satisfying [Bt(ψ, q), (ξ,v)] = [B(ξ,v), (ψ, q)] for all
((ξ,v), (ψ, q)) ∈ H×Q.

3 Analysis of the continuous problem

We now address the well-posedness of the variational problem (2.12). We begin by establishing some
auxiliary results that provide the main ingredients for the subsequent solvability analysis.

3.1 Preliminaries

In order to prove the existence and uniqueness of a solution to (2.12), we first recall the abstract result
on which our analysis relies, namely the Browder–Minty theorem [38, Theorem 10.49]. Afterwards, we
establish the stability and monotonicity properties of the operators involved in the present formulation.
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Let V be a Banach space. We say that an operator S : V → V ′ is hemicontinuous if, for each
u, v, z ∈ V , the function

R 3 t 7−→ [S(u+ tv), z] ∈ R

is continuous. Clearly, the continuity of S : V → V ′ is a sufficient condition for hemicontinuity. In
addition, S is said to be coercive if

lim
‖u‖V→+∞

[S(u), u]

‖u‖V
= +∞. (3.1)

Moreover, S is strictly monotone if

[S(u)− S(v), u− v] > 0 ∀u, v ∈ V, u 6= v,

and S is strongly monotone if there exists a constant c > 0 such that

[S(u)− S(v), u− v] ≥ c‖u− v‖2V ∀u, v ∈ V.

It is easy to see that strong monotonicity implies both strict monotonicity and coerciveness. In fact,
applying the previous inequality with v = 0, we obtain

c‖u‖2V ≤ [S(u)− S(0), u] ≤ [S(u), u] + ‖S(0)‖V ′‖u‖V ,

and hence
[S(u), u]

‖u‖V
≥ c‖u‖V − ‖S(0)‖V ′ ∀u ∈ V, u 6= 0 , (3.2)

which implies (3.1). In particular, if S(0) is the null functional of V ′, then (3.2) becomes

[S(u), u] ≥ c‖u‖2V ∀u ∈ V ,

and in the linear case is called ellipticity and yields strong monotonicity. Indeed, by linearity of S, for
all u, v ∈ V ,

[S(u)− S(v), u− v] = [S(u− v), u− v] ≥ c‖u− v‖2V .

We next recall the Browder–Minty theorem [38, Theorem 10.49].

Theorem 3.1 Let V be a real separable reflexive Banach space and let S : V → V ′ be a coercive,
hemicontinuous, and monotone operator. Then S is surjective, that is, for each f ∈ V ′ there exists
u ∈ V such that S(u) = f . Moreover, if S is strictly monotone, then S is injective.

As a direct consequence of the Browder–Minty theorem and the previous discussion, we have the
following result.

Corollary 3.2 Let V be a real separable reflexive Banach space and let S : V → V ′ be a continuous
and strongly monotone operator. Then S is bijective, that is, for each f ∈ V ′ there exists a unique
u ∈ V such that S(u) = f .

We next verify the properties required to apply Corollary 3.2 to the operator associated with (2.12).
We begin with the linear operators B and C, and with the right-hand side functionals F and G. From
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their definitions (cf. (2.14), (2.15), and (2.16)), it is clear that B, C, F, and G are linear. Moreover,
using the Cauchy–Schwarz inequality, we obtain

|[B(ξ,v), (ψ, q)]| ≤
√
d ‖(ξ,v)‖H ‖(ψ, q)‖Q ∀ ((ξ,v), (ψ, q)) ∈ H×Q ,

|[C(θ, p), (ψ, q)]| ≤ 2 max

{
1

λ
,
α

λ
, s0 +

α2

λ

}
‖(θ, p)‖Q ‖(ψ, q)‖Q ∀ (θ, p), (ψ, q) ∈ Q ,

|[F, (ξ,v)]| ≤
(
‖fp‖2L2(Ω) + ‖g‖2L2(Ω)

)1/2
‖(ξ,v)‖H ∀ (ξ,v) ∈ H ,

|[G, (ψ, q)]| ≤ ‖g‖L2(Ω)‖(ψ, q)‖Q ∀ (ψ, q) ∈ Q .

(3.3)

Therefore, B, C, F, and G are bounded and continuous.

We now establish the main properties of the nonlinear operator A and of the linear operator C.

Lemma 3.3 The nonlinear operator A : H→ H′ satisfies the following properties:

(i) A is bounded, in the sense that there exists a positive constant CA such that

|[A(η,u), (ξ,v)]| ≤ CA
(
‖η‖2H1(Ω) + ‖u‖2H1(Ω) + ‖u‖2(m−1)

H1(Ω)

)1/2
‖(ξ,v)‖H (3.4)

for all (η,u), (ξ,v) ∈ H.

(ii) A is continuous. More precisely, there exists a positive constant LA such that

‖A(η,u)−A(ζ,w)‖H′ ≤ LA
(

1 +
(
‖u‖H1(Ω) + ‖w‖H1(Ω)

)m−2
)
‖(η,u)− (ζ,w)‖H (3.5)

for all (η,u), (ζ,w) ∈ H.

(iii) A is strongly monotone, that is, there exists a positive constant αA such that

[A(η,u)−A(ζ,w), (η − ζ,u−w)] ≥ αA‖(η,u)− (ζ,w)‖2H (3.6)

for all (η,u), (ζ,w) ∈ H.

Proof. We first prove the boundedness of A. Let (η,u), (ξ,v) ∈ H. From the definition of A
(cf. (2.13)), the Cauchy–Schwarz and Hölder inequalities (cf. (1.2) and (1.1)), and the continuous
embedding im : H1(Ω) ↪→ Lm(Ω), we obtain

|[A(η,u), (ξ,v)]| ≤ 2µ ‖η‖H1(Ω)‖ξ‖H1(Ω) + (ν + D) ‖u‖H1(Ω)‖v‖H1(Ω)

+ F ‖im‖m‖u‖m−1
H1(Ω)

‖v‖H1(Ω) .

Hence, by the Cauchy–Schwarz inequality, we deduce (3.4) with

CA :=
√

2 max {2µ, ν + D, F‖im‖m} .

We now prove the continuity of A. Let (η,u), (ζ,w), (ξ,v) ∈ H. From the definition of A, the
Cauchy–Schwarz inequality, and Hölder’s inequality, we first have

|[A(η,u)−A(ζ,w), (ξ,v)]|
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≤ 2µ ‖η − ζ‖H1(Ω)‖ξ‖H1(Ω) + (ν + D) ‖u−w‖H1(Ω)‖v‖H1(Ω)

+ F ‖|u|m−2u− |w|m−2w‖Lm/(m−1)(Ω)‖v‖Lm(Ω) . (3.7)

To control the nonlinear term, we employ [4, eq. (2.1a) of Lemma 2.1] (see also [28, Proposition 5.3]),
which gives ∣∣|u|m−2u− |w|m−2w

∣∣ ≤ Cm(|u|+ |w|)m−2|u−w| , (3.8)

where Cm > 0 depends on m. Then, by Hölder’s inequality and the embedding im : H1(Ω) ↪→ Lm(Ω),
we get

‖|u|m−2u− |w|m−2w‖Lm/(m−1)(Ω)‖v‖Lm(Ω) (3.9)

≤ Cm‖im‖m
(
‖u‖H1(Ω) + ‖w‖H1(Ω)

)m−2 ‖u−w‖H1(Ω)‖v‖H1(Ω) .

Combining (3.7) with (3.9), we arrive at

|[A(η,u)−A(ζ,w), (ξ,v)]| ≤
(

2µ‖η − ζ‖H1(Ω) + (ν + D)‖u−w‖H1(Ω)

+ CmF‖im‖m
(
‖u‖H1(Ω) + ‖w‖H1(Ω)

)m−2 ‖u−w‖H1(Ω)

)
‖(ξ,v)‖H .

Taking the supremum over all nonzero (ξ,v) ∈ H, we obtain (3.5) with

LA :=
√

2 max {2µ+ ν + D, CmF‖im‖m} . (3.10)

It remains to prove the strong monotonicity. By [4, eq. (2.1b) of Lemma 2.1], there exists a constant
C̃m > 0, depending only on m, such that(

|u|m−2u− |w|m−2w,u−w
)

Ω
≥ C̃m‖u−w‖mLm(Ω) . (3.11)

Therefore, from the definition of A (cf. (2.13)) and (3.11), we obtain

[A(η,u)−A(ζ,w), (η − ζ,u−w)]

≥ 2µ‖ε(η − ζ)‖2L2(Ω) + ν‖∇(u−w)‖2L2(Ω) + D‖u−w‖2L2(Ω) + F C̃m‖u−w‖mLm(Ω). (3.12)

Dropping the last nonnegative term in (3.12) and using Korn’s inequality,

‖ε(ξ)‖2L2(Ω) ≥ ck‖ξ‖
2
H1(Ω) ∀ ξ ∈ H1

0(Ω),

we infer from (3.12) that

[A(η,u)−A(ζ,w), (η − ζ,u−w)]

≥ 2µck‖η − ζ‖2H1(Ω) + ν‖∇(u−w)‖2L2(Ω) + D‖u−w‖2L2(Ω) ≥ αA‖(η,u)− (ζ,w)‖2H,

where
αA := min {2µck, ν, D} . (3.13)

�

Lemma 3.4 The linear operator C : Q → Q′ is elliptic in Q. More precisely, there exists a positive
constant αC, depending on λ, s0, and α, such that

[C(ψ, q), (ψ, q)] ≥ αC‖(ψ, q)‖2Q ∀ (ψ, q) ∈ Q . (3.14)
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Proof. Let (ψ, q) ∈ Q. From the definition of C (cf. (2.15)), we have

[C(ψ, q), (ψ, q)] =
1

λ
‖ψ − αq‖2L2(Ω) + s0‖q‖2L2(Ω) .

On the other hand, by the triangle and Young inequalities (cf. (1.3)), we obtain

‖ψ‖2L2(Ω) ≤ 2‖ψ − αq‖2L2(Ω) + 2α2‖q‖2L2(Ω) ,

which implies

‖(ψ, q)‖2Q = ‖ψ‖2L2(Ω) + ‖q‖2L2(Ω) ≤ 2‖ψ − αq‖2L2(Ω) + (1 + 2α2)‖q‖2L2(Ω)

≤ max

{
2λ,

(1 + 2α2)

s0

}(
1

λ
‖ψ − α q‖2L2(Ω) + s0‖q‖2L2(Ω)

)
,

and after simple computations, there holds (3.14) with

αC := min

{
1

2λ
,

s0

1 + 2α2

}
.

�

Finally, we recall the inf-sup condition associated with the operator B (cf. (2.14)). Although this
condition is not required to establish the existence and uniqueness of a solution to (2.12), it will be
instrumental in deriving estimates for θ and p in which the dependence on the storage coefficient s0

is explicitly identified.

Lemma 3.5 There exists a positive constant β such that

sup
0 6=(ξ,v)∈H

[B(ξ,v), (ψ, q)]

‖(ξ,v)‖H
≥ β‖(ψ, q)‖Q ∀ (ψ, q) ∈ Q . (3.15)

Proof. The result follows from the surjectivity of the divergence operator div : H1
0(Ω) → L2

0(Ω) [21,
Corollary B.71]. Applying this result componentwise, according to the definition of B and the product
structure of H and Q, gives the stated inf-sup condition. �

3.2 Well-posedness of the mixed-primal formulation

Now, in order to establish the existence of a unique solution to (2.12), we introduce the operator
J : H×Q→ (H×Q)′ defined by

[J ((η,u), (θ, p)), ((ξ,v), (ψ, q))]

:= [A(η,u), (ξ,v)] + [Bt(θ, p), (ξ,v)]− [B(η,u), (ψ, q)] + [C(θ, p), (ψ, q)] .

Then, solving (2.12) is equivalent to finding ((η,u), (θ, p)) ∈ H×Q such that

[J ((η,u), (θ, p)), ((ξ,v), (ψ, q))] = [F, (ξ,v)] + [G, (ψ, q)] ∀ ((ξ,v), (ψ, q)) ∈ H×Q . (3.16)

We begin by observing that J is continuous. Indeed, by its definition, this follows directly from the
continuity of A (cf. (3.5)) and the boundedness of the linear operators B and C established in (3.3).
Next, let ((η,u), (θ, p)) and ((ζ,w), (ϕ, r)) be in H×Q. From the definition of J , we have

[J ((η,u), (θ, p))− J ((ζ,w), (ϕ, r)), ((η,u), (θ, p))− ((ζ,w), (ϕ, r))]
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= [A(η,u)−A(ζ,w), (η,u)− (ζ,w)] + [C((θ, p)− (ϕ, r)), (θ, p)− (ϕ, r)] .

Using the strong monotonicity of A and the ellipticity of C, we obtain

[J ((η,u), (θ, p))− J ((ζ,w), (ϕ, r)), ((η − ζ,u−w), (θ − ϕ, p− r))]
≥ αA‖(η,u)− (ζ,w)‖2H + αC‖(θ, p)− (ϕ, r)‖2Q ≥ αJ ‖((η,u), (θ, p))− ((ζ,w), (ϕ, r))‖2H×Q ,

where αJ := min{αA, αC} > 0. Consequently, J is strongly monotone.

Hence, we are in a position to conclude the main result of this section.

Theorem 3.6 For each (F,G) ∈ H′×Q′ defined by (2.16), there exists a unique ((η,u), (θ, p)) ∈ H×Q
satisfying (3.16) (equivalently, (2.12)). Moreover, there exists a positive constant Cst, independent of
s0 and λ, such that

‖(η,u)‖H + ‖(θ, p)‖Q ≤ Cst

∑
j∈{1,m−1}

(
‖fp‖L2(Ω) + ‖g‖L2(Ω) +

1
√
s0
‖g‖L2(Ω)

)j
. (3.17)

Proof. Since J : H×Q→ (H×Q)′ is continuous and strongly monotone, Corollary 3.2 implies that J
is bijective. Hence, for each (F,G) ∈ H′ ×Q′, there exists a unique ((η,u), (θ, p)) ∈ H×Q satisfying
(3.16) (equivalently, (2.12)).

It remains to establish the estimate (3.17). To this end, we take (ξ,v) = (η,u) in the first equation
of (2.12), and (ψ, q) = (θ, p) in the second one. Then, adding both identities, we obtain

2µ‖ε(η)‖2L2(Ω) + ν‖∇u‖2L2(Ω) + D‖u‖2L2(Ω) + F‖u‖mLm(Ω) +
1

λ
‖θ − αp‖2L2(Ω) + s0‖p‖2L2(Ω)

= (fp,η)Ω + (g,u)Ω + (g, p)Ω . (3.18)

Using the Cauchy–Schwarz and Young inequalities, we have

(fp,η)Ω ≤ µck‖η‖2H1(Ω) +
1

4µck
‖fp‖2L2(Ω) , (3.19)

where ck > 0 is the Korn constant satisfying ‖ε(η)‖2L2(Ω) ≥ ck‖η‖
2
H1(Ω) for all η ∈ H1

0(Ω). Similarly,

(g,u)Ω ≤
D

2
‖u‖2L2(Ω) +

1

2D
‖g‖2L2(Ω) and (g, p)Ω ≤

s0

2
‖p‖2L2(Ω) +

1

2s0
‖g‖2L2(Ω) . (3.20)

Combining (3.18) with (3.19)–(3.20), and using Korn’s inequality, gives

µck‖η‖2H1(Ω) + ν‖∇u‖2L2(Ω) +
D

2
‖u‖2L2(Ω) + F‖u‖mLm(Ω) +

1

λ
‖θ − αp‖2L2(Ω) +

s0

2
‖p‖2L2(Ω)

≤ 1

4µck
‖fp‖2L2(Ω) +

1

2D
‖g‖2L2(Ω) +

1

2s0
‖g‖2L2(Ω) . (3.21)

Then, dropping the last three nonnegative terms on the left-hand side of (3.21), a straightforward
computation gives

‖(η,u)‖H ≤ C1

(
‖fp‖L2(Ω) + ‖g‖L2(Ω) +

1
√
s0
‖g‖L2(Ω)

)
, (3.22)

where C1 is a positive constant only depending on µ, ck, D, and ν.
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We now derive a bound for (θ, p). From the inf-sup condition (3.15) (cf. Lemma 3.5), with (ψ, q) =
(θ, p) ∈ Q, and using the first equation of (2.12), we get

β‖(θ, p)‖Q ≤ sup
0 6=(ξ,v)∈H

[F, (ξ,v)]− [A(η,u), (ξ,v)]

‖(ξ,v)‖H
≤ ‖F‖H′ + ‖A(η,u)‖H′ . (3.23)

Using the bounds for F and A given in (3.3) and (3.4), respectively, we infer from (3.23) that

‖(θ, p)‖Q ≤ C2

(
‖fp‖L2(Ω) + ‖g‖L2(Ω) + ‖(η,u)‖H + ‖u‖m−1

H1(Ω)

)
, (3.24)

where C2 > 0 depends only on β, µ, ν, D, F, and ‖im‖. Finally, combining (3.22) and (3.24), a simple
algebraic manipulation gives (3.17). �

Remark 3.1 It is worth emphasizing that the dependence of the a priori estimate (3.17) on the
storage coefficient s0 is completely explicit. More precisely, s0 appears only through the contribution

1√
s0
‖g‖L2(Ω) associated with the scalar source term in the mass balance equation. Hence, in the par-

ticular case g = 0, this dependence disappears from the estimate. In addition, the constant Cst in
(3.17) is independent of the Lamé parameter λ. This feature is one of the main advantages of the
present formulation, since it provides a robust estimate in the nearly incompressible regime of the
porous skeleton.

Remark 3.2 The analysis developed in this paper can also be extended to nonhomogeneous Dirichlet
boundary conditions. Indeed, by introducing suitable liftings for the displacement and velocity fields,
the problem can be rewritten in the present homogeneous setting, with appropriately modified right-hand
side functionals.

4 The Galerkin scheme

This section is devoted to the Galerkin approximation of the mixed-primal formulation (2.12). Since
the discrete spaces considered below are conforming subspaces of the continuous ones, the well-
posedness analysis follows the same arguments as those presented in Section 3.2.

4.1 Discrete setting

Let {Th}h>0 be a shape-regular family of triangulations of Ω, made of triangles when d = 2 and
tetrahedra when d = 3. For each T ∈ Th, we denote by hT its diameter and set h := max{hT : T ∈ Th}.
We consider finite-dimensional conforming subspaces

Hη
h ⊂ H1

0(Ω) , Qθ
h ⊂ L2

0(Ω) , Hu
h ⊂ H1

0(Ω) , Qp
h ⊂ L2

0(Ω) ,

chosen so that (Hη
h ,Q

θ
h) and (Hu

h ,Q
p
h) are Stokes-stable finite element pairs (cf. [6, 7]). We then define

Hh := Hη
h ×Hu

h , Qh := Qθ
h ×Qp

h ,

endowed with the norms inherited from H and Q, respectively. By the choice of these finite element
pairs, there exists a constant βd > 0, independent of h, such that

sup
0 6=(ξh,vh)∈Hh

[B(ξh,vh), (ψh, qh)]

‖(ξh,vh)‖H
≥ βd‖(ψh, qh)‖Q ∀ (ψh, qh) ∈ Qh . (4.1)
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In particular, we focus on Taylor–Hood finite elements [40] for the pairs (η, θ) and (u, p). More
precisely, given an integer ` ≥ 0 and a subset S of Rd, we denote by P`(S) the space of polynomials
of total degree at most ` defined on S. Then, for any integer k ≥ 1, we consider

H?
h :=

{
wh ∈ [C(Ω)]d : wh|T ∈ [Pk+1(T )]d ∀T ∈ Th

}
∩H1

0(Ω) , ? ∈ {η,u} ,

Q?
h :=

{
ψh ∈ C(Ω) : ψh|T ∈ Pk(T ) ∀T ∈ Th

}
∩ L2

0(Ω) , ? ∈ {θ, p} .

The Galerkin scheme associated with (2.12) then reads as follows: Find ((ηh,uh), (θh, ph)) ∈ Hh×Qh

such that

[A(ηh,uh), (ξh,vh)] + [Bt(θh, ph), (ξh,vh)] = [F, (ξh,vh)] ∀ (ξh,vh) ∈ Hh ,

−[B(ηh,uh), (ψh, qh)] + [C(θh, ph), (ψh, qh)] = [G, (ψh, qh)] ∀ (ψh, qh) ∈ Qh .
(4.2)

Remark 4.1 Alternatively to the Taylor–Hood elements, other conforming Stokes inf-sup stable finite
element pairs can also be employed within the present framework. For instance, one may consider the
classical MINI element [6, Sections 8.4.2, 8.6 and 8.7]. The only requirement is that the chosen pairs
(Hη

h ,Q
θ
h) and (Hu

h ,Q
p
h) satisfy the discrete inf-sup condition (4.1).

We now state the discrete analogue of Theorem 3.6. Its proof follows the same strategy as in the
continuous case, using the conforming character of the finite element spaces and the discrete inf-sup
condition (4.1).

Theorem 4.1 For each (F,G) ∈ H′×Q′ defined by (2.16), there exists a unique ((ηh,uh), (θh, ph)) ∈
Hh × Qh satisfying (4.2). Moreover, there exists a positive constant Cstd, independent of s0, λ, and
h, such that

‖(ηh,uh)‖H + ‖(θh, ph)‖Q ≤ Cstd

∑
j∈{1,m−1}

(
‖fp‖L2(Ω) + ‖g‖L2(Ω) +

1
√
s0
‖g‖L2(Ω)

)j
. (4.3)

Proof. Let Jd : Hh × Qh → (Hh × Qh)′ denote the restriction of the operator J (cf. (3.16)) to
the discrete space Hh × Qh. Since Hh ⊂ H and Qh ⊂ Q, the boundedness, continuity, and strong
monotonicity of A, as well as the ellipticity of C, remain valid at the discrete level. In addition, the
coupling operator satisfies the discrete inf-sup condition (4.1). Therefore, arguing as in the proof
of the continuous well-posedness result, we deduce that Jd is continuous and strongly monotone on
Hh ×Qh. Consequently, Corollary 3.2 implies that Jd is bijective. Hence, for each (F,G) ∈ H′ ×Q′,
there exists a unique ((ηh,uh), (θh, ph)) ∈ Hh ×Qh satisfying (4.2).

Finally, the estimate (4.3) follows by repeating the argument used in the proof of Theorem 3.6,
taking (ξh,vh) = (ηh,uh) and (ψh, qh) = (θh, ph) in (4.2), and using the discrete inf-sup condition
(4.1). The constants involved are independent of h and λ, and the dependence on s0 is the one
explicitly displayed in (4.3). �

4.2 A priori error analysis

Following a standard approach in error analysis, we introduce the total error components

eη := η − ηh, eu := u− uh,

eθ := θ − θh, ep := p− ph.
(4.4)
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In order to derive the error equations, we subtract the discrete mixed-primal formulation (4.2) from
the continuous one (2.12), tested with discrete functions. This yields the following error system:

[A(η,u)−A(ηh,uh), (ξh,vh)] + [Bt(eθ, ep), (ξh,vh)] = 0 ∀ (ξh,vh) ∈ Hh,

−[B(eη, eu), (ψh, qh)] + [C(eθ, ep), (ψh, qh)] = 0 ∀ (ψh, qh) ∈ Qh.
(4.5)

Let θ̂h ∈ Qθ
h and p̂h ∈ Qp

h denote the respective L2(Ω)-orthogonal projections of θ and p. Using this
fixed pair, we introduce the discrete constraint set

Kh :=
{

(η̂h, ûh) ∈ Hh : B(η̂h, ûh) = C(θ̂h, p̂h)−G in Q′h
}
, (4.6)

where G ∈ Q′h denotes the restriction to Qh of the functional defined in (2.16). Notice that Kh is
nonempty, since the discrete inf–sup condition (4.1) implies that the operator induced by B from Hh

onto Q′h is surjective.

We then decompose each total error into its approximation and discrete components. More precisely,
given (η̂h, ûh) ∈ Kh, for the vector unknowns we write

eη =
(
η − η̂h

)
+
(
η̂h − ηh

)
=: eIη + ehη, (4.7)

eu =
(
u− ûh

)
+
(
ûh − uh

)
=: eIu + ehu. (4.8)

For the scalar unknowns, we use the fixed projected pair (θ̂h, p̂h) and set

eθ =
(
θ − θ̂h

)
+
(
θ̂h − θh

)
=: eIθ + ehθ , (4.9)

ep =
(
p− p̂h

)
+
(
p̂h − ph

)
=: eIp + ehp . (4.10)

Here, eIη, eIu, eIθ, and eIp denote the approximation errors, whereas ehη, ehu, ehθ , and ehp denote the
corresponding discrete errors.

Notice that, since (η̂h, ûh) ∈ Kh and (ηh,uh) ∈ Hh satisfies the second equation of (4.2), it follows
that

[B((ehη, e
h
u)), (ψh, qh)] = [C(ehθ , ehp), (ψh, qh)] ∀ (ψh, qh) ∈ Qh. (4.11)

Then, taking (ψh, qh) = (ehθ , e
h
p) in (4.11) and recalling the ellipticity of C (cf. (3.14)), we obtain

[B((ehη, e
h
u)), (ehθ , e

h
p)] ≥ 0. (4.12)

We conclude this discussion by recalling the following standard best-approximation properties of
the finite element subspaces Hη

h , Hu
h , Qθ

h, and Qp
h (see, e.g., [21, Proposition 1.134]):

(APζ
h) There exists a positive constant C, independent of h, such that, for each s ∈ [1, k+ 1] and for

each ζ ∈ Hs+1(Ω) ∩H1
0(Ω), there holds

inf
ζh∈H?

h

‖ζ − ζh‖H1(Ω) ≤ Chs‖ζ‖H1+s(Ω), ? ∈ {η,u}.

(APψ
h) There exists a positive constant C, independent of h, such that, for each s ∈ [0, k+ 1] and for

each ψ ∈ Hs(Ω) ∩ L2
0(Ω), there holds

inf
ψh∈Q?

h

‖ψ − ψh‖L2(Ω) ≤ Chs‖ψ‖Hs(Ω), ? ∈ {θ, p}.
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Since θ̂h and p̂h are the respective L2(Ω)-orthogonal projections, (APψ
h) implies

‖(θ, p)− (θ̂h, p̂h)‖Q ≤ Chs
(
‖θ‖Hs(Ω) + ‖p‖Hs(Ω)

)
. (4.13)

In addition, the following approximation property, whose proof is provided in Appendix A, holds:

inf
(η̂h,ûh)∈Kh

‖(η,u)− (η̂h, ûh)‖H

≤ C hs
((

1 +
‖B‖
βd

)(
‖η‖H1+s(Ω) + ‖u‖H1+s(Ω)

)
+
‖C‖
βd

(
‖θ‖Hs(Ω) + ‖p‖Hs(Ω)

))
, (4.14)

where C > 0 is independent of h.

We are now in a position to state the main result of this section.

Theorem 4.2 Let m ∈ [3, 4]. Let ((η,u), (θ, p)) ∈ H × Q be the unique solution of (2.12), and
let ((ηh,uh), (θh, ph)) ∈ Hh × Qh be the unique solution of (4.2). Assume further that there exists
s ∈ [1, k + 1] such that η,u ∈ H1+s(Ω) and θ, p ∈ Hs(Ω). Then, there exists a positive constant C,
independent of h, such that

‖(eη, eu)‖H + ‖(eθ, ep)‖Q ≤ C

{
hs
(
‖η‖H1+s(Ω) + ‖u‖H1+s(Ω) + ‖θ‖Hs(Ω) + ‖p‖Hs(Ω)

)
+ hs(m−1)

(
‖η‖H1+s(Ω) + ‖u‖H1+s(Ω) + ‖θ‖Hs(Ω) + ‖p‖Hs(Ω)

)m−1
}
. (4.15)

Proof. We begin by testing the first row of (4.5) with (ξh,vh) = (ehη, e
h
u), using the decompositions

(4.9)–(4.10), and the fact that [Bt(ehθ , ehp), (ehη, e
h
u)] ≥ 0 (cf. (4.12)), we obtain

[A(η,u)−A(ηh,uh), (ehη, e
h
u)] + [Bt(eIθ, eIp), (ehη, ehu)] ≤ 0 . (4.16)

Using the definition of A (cf. (2.13)), after adding and subtracting the term |ûh|m−2ûh, the mono-
tonicity inequality (3.11), and the decompositions (4.7)–(4.8), we deduce from (4.16) that

2µ ‖ε(ehη)‖2L2(Ω) + ν ‖∇ehu‖2L2(Ω) + D ‖ehu‖2L2(Ω) + F C̃m ‖ehu‖mLm(Ω)

≤ −2µ (ε(eIη), ε(ehη))Ω − ν (∇eIu,∇ehu)Ω − D (eIu, e
h
u)Ω

− F
(
|u|m−2u− |ûh|m−2ûh, e

h
u

)
Ω

+ (eIθ,div(ehη))Ω + (eIp,div(ehu))Ω . (4.17)

Here, C̃m > 0 denotes a monotonicity constant depending only on m. In turn, to bound the fourth
term on the right-hand side of (4.17), we use the Lipschitz-type estimate (3.8) for the Forchheimer
term. More precisely, by [4, Lemma 2.1], there exists a positive constant cm, depending on m, such
that

‖|u|m−2u− |ûh|m−2ûh‖L2(Ω)

≤ cm
(
‖u‖L2(m−1)(Ω) + ‖ûh‖L2(m−1)(Ω)

)m−2
‖eIu‖L2(m−1)(Ω) .

(4.18)

Hence, employing the Cauchy–Schwarz inequality, the continuous embedding i2(m−1) : H1(Ω) ↪→
L2(m−1)(Ω), with 2(m− 1) ∈ [4, 6], the identity ûh = u− eIu, and Young’s inequality with parameter
δ > 0, we obtain

F
∣∣∣(|u|m−2u− |ûh|m−2ûh, e

h
u

)
Ω

∣∣∣
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≤ F cm

(
‖u‖L2(m−1)(Ω) + ‖ûh‖L2(m−1)(Ω)

)m−2
‖eIu‖L2(m−1)(Ω)‖e

h
u‖L2(Ω)

≤ F cm

(
2‖u‖L2(m−1)(Ω) + ‖eIu‖L2(m−1)(Ω)

)m−2
‖eIu‖L2(m−1)(Ω)‖e

h
u‖L2(Ω)

≤ C̃
(
‖u‖m−2

H1(Ω)
+ ‖eIu‖m−2

H1(Ω)

)
‖eIu‖H1(Ω)‖ehu‖L2(Ω)

≤ 2C̃

δ

(
‖u‖2(m−2)

H1(Ω)
‖eIu‖2H1(Ω) + ‖eIu‖

2(m−1)
H1(Ω)

)
+
δ

4
‖ehu‖2L2(Ω) , (4.19)

where δ > 0 is arbitrary, and C̃ > 0 depends on m, F, and ‖i2(m−1)‖, but is independent of h.

Then, combining (4.19) with (4.17), taking δ = D, and applying Young’s inequality to the remaining
terms, together with Korn’s inequality and the bound ‖div(z)‖L2(Ω) ≤

√
d ‖z‖H1(Ω), we deduce

µ

2
‖ε(ehη)‖2L2(Ω) +

ν

2
‖∇ehu‖2L2(Ω) +

D

2
‖ehu‖2L2(Ω) + C̃m

F

2
‖ehu‖mLm(Ω)

≤ µ ‖ε(eIη)‖2L2(Ω) + ν ‖∇eIu‖2L2(Ω) + D ‖eIu‖2L2(Ω) +
d

2µck
‖eIθ‖2L2(Ω) +

d

ν
‖eIp‖2L2(Ω)

+
2C̃

D

(
‖u‖2(m−2)

H1(Ω)
‖eIu‖2H1(Ω) + ‖eIu‖

2(m−1)
H1(Ω)

)
. (4.20)

Thus, taking the minimum of the constants on the left-hand side of (4.20) and using Korn’s inequality
for ehη, we infer that there exists a positive constant C, independent of h, such that

‖(ehη, ehu)‖2H ≤ C

(
‖eIη‖2H1(Ω) + ‖eIu‖2H1(Ω) + ‖eIθ‖2L2(Ω) + ‖eIp‖2L2(Ω)

+ ‖u‖2(m−2)
H1(Ω)

‖eIu‖2H1(Ω) + ‖eIu‖
2(m−1)
H1(Ω)

)
.

Thanks to the a priori estimate of u (cf. (3.17)), we conclude that there exists a positive constant C,
independent of h, such that

‖(eη, eu)‖H ≤ ‖(eIη, eIu)‖H + ‖(ehη, ehu)‖H

≤ C
(
‖(eIη, eIu)‖H + ‖(eIθ, eIp)‖Q + ‖(eIη, eIu)‖m−1

H

)
. (4.21)

We now estimate the errors associated with θ and p. From the discrete inf-sup condition (4.1), with
(ψh, qh) = (ehθ , e

h
p) ∈ Qh, we obtain

βd‖(ehθ , ehp)‖Q ≤ sup
0 6=(ξh,vh)∈Hh

[Bt(ehθ , ehp), (ξh,vh)]

‖(ξh,vh)‖H
. (4.22)

On the other hand, using the decomposition (eθ, ep) = (eIθ, e
I
p) + (ehθ , e

h
p) and the first row of the error

equation, we have

[Bt(ehθ , ehp), (ξh,vh)] = −[A(η,u)−A(ηh,uh), (ξh,vh)]− [Bt(eIθ, eIp), (ξh,vh)]. (4.23)

Therefore, by the boundedness of B (cf. (3.3)) and the continuity estimate for A given in Lemma 3.3,
we deduce from (4.22)–(4.23) that

‖(ehθ , ehp)‖Q ≤ C
((

1 + ‖u‖m−2
H1(Ω)

+ ‖uh‖m−2
H1(Ω)

)
‖(eη, eu)‖H + ‖(eIθ, eIp)‖Q

)
, (4.24)
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where C > 0 is independent of h. More precisely, C depends on µ, ν, D, F, m, d, Cm, βd, and the
norm of the embedding im : H1(Ω) ↪→ Lm(Ω). Hence, combining (4.21) and (4.24), and using the a
priori bounds for u and uh (cf. (3.17) and (4.3)), we get

‖(eθ, ep)‖Q ≤ C
(
‖(eIη, eIu)‖H + ‖(eIθ, eIp)‖Q + ‖(eIη, eIu)‖m−1

H

)
, (4.25)

with C > 0 independent of h.

Combining (4.21) and (4.25), we obtain, for every (η̂h, ûh) ∈ Kh,

‖(eη, eu)‖H + ‖(eθ, ep)‖Q ≤ C
(
‖(eIη, eIu)‖H + ‖(eIθ, eIp)‖Q + ‖(eIη, eIu)‖m−1

H

)
. (4.26)

Finally, taking the infimum over (η̂h, ûh) ∈ Kh in (4.26), and using (4.13) and (4.14), we conclude
(4.15). �

Remark 4.2 We point out that the dependence of the constant in (4.15) on the storage coefficient s0

can be traced through the a priori bounds for the continuous and discrete velocities. More precisely,
this dependence enters the estimate when controlling the nonlinear Forchheimer contribution through
the bounds for u and uh. In view of (3.17) and (4.3), it is associated with the term

1
√
s0
‖g‖L2(Ω),

which arises from the scalar source in the mass balance equation. Hence, if g = 0, the explicit
dependence on negative powers of s0 disappears from the error constant. On the other hand, the
constant in (4.15) is not strictly independent of the first Lamé parameter λ, since its dependence on
λ enters through the continuity constant of C, given by

‖C‖ = 2 max

{
1

λ
,
α

λ
, s0 +

α2

λ

}
.

Nevertheless, this dependence does not compromise the robustness of the estimate in the nearly incom-
pressible limit. Indeed,

‖C‖ −→ 2s0 as λ→∞.

Therefore, the constant in (4.15) remains uniformly bounded for large values of λ, and the Galerkin
scheme is locking-free in the nearly incompressible limit.

5 A residual-based a posteriori error estimator

In this section, we derive a reliable and efficient residual-based a posteriori error estimator for the
Galerkin scheme (4.2). To this end, we employ the notation and auxiliary results collected in Ap-
pendix B. Let ((η,u), (θ, p)) ∈ H×Q and ((ηh,uh), (θh, ph)) ∈ Hh×Qh be the unique solutions of the
continuous and discrete problems (2.12) and (4.2), respectively.

We begin by introducing the global residual-based error estimator

Ξ :=

∑
T∈Th

(
Ξ2

1,T + Ξ2
2,T

)1/2

, (5.1)
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where, for each T ∈ Th, the local error indicators Ξi,T , i ∈ {1, 2}, are defined as follows:

Ξ2
1,T := h2

T ‖fp + div(2µ ε(ηh)− θhI)‖2L2(T ) + h2
T

∥∥g + ν∆uh − Duh − F|uh|m−2uh −∇ph
∥∥2

L2(T )

+
∑

e∈Eh,T (Ω)

he ‖[[(ν∇uh − phI)n]]‖2L2(e) +
∑

e∈Eh,T (Ω)

he ‖[[(2µ ε(ηh)− θhI)n]]‖2L2(e) , (5.2)

and

Ξ2
2,T :=

∥∥∥∥ 1

λ
θh −

α

λ
ph + div(ηh)

∥∥∥∥2

L2(T )

+

∥∥∥∥g − (s0 +
α2

λ

)
ph +

α

λ
θh − div(uh)

∥∥∥∥2

L2(T )

, (5.3)

where the jump operator [[·]] is defined by (B.1).

Recalling the total error components defined in (4.4), the main goal of the present section is to
prove the existence of positive constants Ceff and Crel, independent of the mesh parameter h and the
continuous and discrete solutions, such that

CeffΞ + h.o.t. ≤ ‖(eη, eu)‖H + ‖(eθ, ep)‖Q ≤ CrelΞ , (5.4)

where h.o.t. is a generic expression denoting one or several terms of higher order. The upper and
lower bounds in (5.4), which are known as the reliability and efficiency of Ξ, are derived below in
Sections 5.1 and 5.2, respectively.

5.1 Reliability of the a posteriori error estimator

In this section we derive the reliability estimate for the residual-based a posteriori error estimator
introduced in (5.1), that is, we establish the upper bound in (5.4). To this end, we prove several
results that are instrumental for this purpose.

Lemma 5.1 There exists a positive constant C1, independent of λ and h, such that

‖(eη, eu)‖H + ‖(eθ, ep)‖Q ≤ C1 (‖R1‖H′ + ‖R2‖Q′) , (5.5)

where the residual functionals R1 ∈ H′ and R2 ∈ Q′ are defined by

[R1, (ξ,v)] := [F, (ξ,v)]− [A(ηh,uh), (ξ,v)]− [Bt(θh, ph), (ξ,v)] , (5.6)

[R2, (ψ, q)] := [G, (ψ, q)] + [B(ηh,uh), (ψ, q)]− [C(θh, ph), (ψ, q)] . (5.7)

Proof. From the continuous formulation (2.12) and the definitions of R1 and R2 (cf. (5.6) and (5.7),
respectively), we have the residual identities

[R1, (ξ,v)] = [A(η,u)−A(ηh,uh), (ξ,v)] + [Bt(eθ, ep), (ξ,v)] , (5.8)

[R2, (ψ, q)] = −[B(eη, eu), (ψ, q)] + [C(eθ, ep), (ψ, q)] . (5.9)

Then, using the strong monotonicity of A (cf. (3.6)) and taking (ξ,v) = (eη, eu) in (5.8), we obtain

αA‖(eη, eu)‖2H ≤ [A(η,u)−A(ηh,uh), (eη, eu)] = [R1, (eη, eu)]− [B(eη, eu), (eθ, ep)] , (5.10)

where αA is defined in (3.13). On the other hand, taking (ψ, q) = (eθ, ep) in (5.9), we get

− [B(eη, eu), (eθ, ep)] = [R2, (eθ, ep)]− [C(eθ, ep), (eθ, ep)] . (5.11)
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Since C is elliptic in Q (cf. (3.14)), from (5.11), we have

−[B(eη, eu), (eθ, ep)] ≤ [R2, (eθ, ep)] .

Substituting this bound into (5.10), and using the definition of the dual norms, we deduce

αA‖(eη, eu)‖2H ≤ ‖R1‖H′‖(eη, eu)‖H + ‖R2‖Q′‖(eθ, ep)‖Q . (5.12)

Next, we estimate the scalar error ‖(eθ, ep)‖Q. Indeed, by means of the inf-sup condition (3.15),
there holds

β‖(eθ, ep)‖Q ≤ sup
0 6=(ξ,v)∈H

[Bt(eθ, ep), (ξ,v)]

‖(ξ,v)‖H
,

and using (5.8), we deduce

β‖(eθ, ep)‖Q ≤ ‖R1‖H′ + ‖A(η,u)−A(ηh,uh)‖H′ . (5.13)

By the continuity estimate for A (cf. (3.5)), we have

‖A(η,u)−A(ηh,uh)‖H′ ≤ LA
(

1 +
(
‖u‖H1(Ω) + ‖uh‖H1(Ω)

)m−2
)
‖(eη, eu)‖H , (5.14)

where LA is defined in (3.10). In particular, by the continuous and discrete a priori estimates (3.17)
and (4.3), established in Theorems 3.6 and 4.1, respectively, the factor depending on ‖u‖H1(Ω) and
‖uh‖H1(Ω) can be bounded in terms of

C?
∑

j∈{1,m−1}

(
‖fp‖L2(Ω) + ‖g‖L2(Ω) +

1
√
s0
‖g‖L2(Ω)

)j
? ∈ {st, std} .

Consequently, there exists a positive constant Cdata, depending on the quantities displayed above, but
independent of λ and h, such that, combining (5.13) with (5.14), we obtain

‖(eθ, ep)‖Q ≤
1

β
‖R1‖H′ +

LACdata

β
‖(eη, eu)‖H . (5.15)

Inserting (5.15) into (5.12), we obtain

αA‖(eη, eu)‖2H ≤ ‖R1‖H′‖(eη, eu)‖H +
1

β
‖R1‖H′‖R2‖Q′ +

LACdata

β
‖R2‖Q′‖(eη, eu)‖H. (5.16)

Applying Young’s inequality to the three terms on the right-hand side yields

αA
2
‖(eη, eu)‖2H ≤

(
1

αA
+

1

2β

)
‖R1‖2H′ +

(
L2
AC

2
data

αAβ2
+

1

2β

)
‖R2‖2Q′ . (5.17)

Consequently, there exists a positive constant CH, independent of λ and h, such that

‖(eη, eu)‖H ≤ CH (‖R1‖H′ + ‖R2‖Q′) . (5.18)

Finally, combining (5.18) and (5.15), we conclude that (5.5) holds with a positive constant C1 inde-
pendent of λ and h. �

We now proceed to bound the terms on the right-hand side of (5.5). We begin with the residual
functional R2. A direct application of the Cauchy–Schwarz inequality gives the following estimate.
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Lemma 5.2 There holds

‖R2‖Q′ ≤

∑
T∈Th

Ξ2
2,T

1/2

,

where Ξ2,T is defined in (5.3).

We continue the reliability analysis by deriving a suitable bound for the norm of the residual
functional R1 (cf. (5.6)).

Lemma 5.3 There exists a positive constant C2, independent of λ and h, such that

‖R1‖H′ ≤ C2

∑
T∈Th

Ξ2
1,T

1/2

, (5.19)

where Ξ1,T is defined in (5.2).

Proof. We proceed as in [19, Lemma 3.12]. Let (ξ,v) ∈ H and set (ξ̂, v̂) := (ξ − Ih(ξ),v − Ih(v)),
where Ih denotes the vector-valued Clément interpolation operator introduced in Appendix B. Since
[R1, (ξh,vh)] = 0 for all (ξh,vh) ∈ Hh, we have [R1, (ξ,v)] = [R1, (ξ̂, v̂)]. Then, using the definition
of R1 (cf. (5.6)) and integrating by parts elementwise, we obtain

[R1, (ξ̂, v̂)] =
∑
T∈Th

(
fp + div(2µ ε(ηh)− θhI), ξ̂

)
T
−

∑
e∈Eh(Ω)

〈
[[(2µ ε(ηh)− θhI)n]] , ξ̂

〉
e

+
∑
T∈Th

(
g + ν∆uh − Duh − F|uh|m−2uh −∇ph, v̂

)
T
−

∑
e∈Eh(Ω)

〈[[(ν∇uh − phI)n]] , v̂〉e .

Hence, by the Cauchy–Schwarz inequality and the approximation and trace estimates for the Clément
operator established in Lemma B.1 (cf. (B.2) and (B.3)), we conclude (5.19), where C2 > 0 depends
only on the constants in the Clément interpolation estimates. In particular, C2 is independent of h,
λ, and the problem data. �

The main result of this section, namely the reliability of the a posteriori error estimator Ξ defined
in (5.1), is stated next.

Theorem 5.4 Let ((η,u), (θ, p)) ∈ H×Q and ((ηh,uh), (θh, ph)) ∈ Hh ×Qh be the unique solutions
of (2.12) and (4.2), respectively. Then Ξ is reliable. More precisely, there exists a positive constant
Crel, independent of λ and h, such that

‖(eη, eu)‖H + ‖(eθ, ep)‖Q ≤ Crel Ξ .

Proof. The result follows from the abstract reliability estimate (5.5), together with the residual bounds
provided by Lemmas 5.3 and 5.2. �

5.2 Efficiency of the a posteriori error estimator

We now turn to the efficiency analysis of the global a posteriori error estimator Ξ (cf. (5.1)). More
precisely, we prove the lower bound in (5.4). The arguments rely on the notation and auxiliary results
collected in Appendix C, as well as on the strong form of the reformulated system (2.7). In particular,
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the proof is based on suitable local test functions and on reversing the integration by parts arguments
used in the derivation of the residual estimator.

Throughout this section, we assume that fp, g, and g are piecewise polynomial functions. If this
is not the case, but the data are sufficiently smooth, the analysis can be carried out along the same
lines as in [16, Section 6.2]. In that situation, additional higher-order terms arising from suitable
polynomial approximations of the data appear in the lower bound of (5.4), which accounts for the
presence of the h.o.t. contribution in that estimate.

We begin the proof of the global efficiency estimate in (5.4) by establishing a sequence of local lower
bounds. The first one concerns the terms entering Ξ2,T (cf. (5.3)).

Lemma 5.5 There exists a positive constant C3, independent of h, such that

Ξ2
2,T ≤ C3

{
‖div(eη)‖2L2(T ) + ‖div(eu)‖2L2(T ) + ‖eθ‖2L2(T ) + ‖ep‖2L2(T )

}
. (5.20)

Proof. Recalling the scalar equations in the strong form (2.7b), we have

1

λ
θ − α

λ
p+ div(η) = 0 and

(
s0 +

α2

λ

)
p− α

λ
θ + div(u) = g in Ω .

Subtracting these identities from the corresponding discrete residuals in the definition of Ξ2,T , cf. (5.3),
and applying the triangle and Cauchy–Schwarz inequalities, we obtain (5.20), with C3 > 0 depending
on λ−1, α, and s0, but independent of h. �

Now we proceed by deriving the estimates for the terms defining Ξ1,T (cf. (5.2)).

Lemma 5.6 There exists a positive constant C4, independent of h, such that for all T ∈ Th,

h2
T ‖fp + div (2µ ε(ηh)− θhI)‖2L2(T ) ≤ C4

{
‖eη‖2H1(T ) + ‖eθ‖2L2(T )

}
. (5.21)

Proof. Define
χT := fp + div (2µε(ηh)− θhI) in T .

Thanks to the assumption that fp is piecewise polynomial, and since ηh and θh are finite element

functions, there exists a nonnegative integer k̃, depending on k and on the polynomial degree of fp,
such that χT ∈ P

k̃
(T ). Then, using the vector version of (C.4) in Lemma C.1, we have

‖χT ‖2L2(T ) ≤ c1‖φ1/2
T χT ‖2L2(T ) = c1(χT , φTχT )T . (5.22)

On the other hand, from the first equation of (2.7a), the exact solution satisfies

fp + div (2µε(η)− θI) = 0 in T ,

which yields
χT = div (2µε(ηh − η)− (θh − θ)I) = −div (2µε(eη)− eθI) .

Consequently, integrating by parts and using that φT = 0 on ∂T (cf. (C.1)), we get

(χT , φTχT )T = − (div (2µε(eη)− eθI) , φTχT )T = (2µε(eη)− eθI,∇(φTχT ))T .

Thus, by the Cauchy–Schwarz inequality and the identity ‖eθI‖L2(T ) =
√
d ‖eθ‖L2(T ), we obtain

|(χT , φTχT )T | ≤
(

2µ‖ε(eη)‖L2(T ) +
√
d ‖eθ‖L2(T )

)
‖∇(φTχT )‖L2(T ). (5.23)
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Since φTχT is a polynomial on T , the inverse inequality (C.7), together with (C.4), yields

‖∇(φTχT )‖L2(T ) ≤ Ch−1
T ‖φTχT ‖L2(T ) ≤ Ch−1

T ‖χT ‖L2(T ).

Replacing this estimate into (5.23) and then using (5.22), we deduce that

‖χT ‖2L2(T ) ≤ Ch
−1
T

(
‖eη‖H1(T ) + ‖eθ‖L2(T )

)
‖χT ‖L2(T ).

After cancelling the common factor ‖χT ‖L2(T ) and multiplying by hT , it follows that

hT ‖χT ‖L2(T ) ≤ C
(
‖eη‖H1(T ) + ‖eθ‖L2(T )

)
.

Finally, squaring the last inequality yields (5.21). �

Lemma 5.7 There exists a positive constant C5, independent of h, such that

h2
T

∥∥g + ν∆uh − Duh − F|uh|m−2uh −∇ph
∥∥2

L2(T )

≤ C5

{
‖eu‖2H1(T ) + ‖ep‖2L2(T ) + h2

T

∥∥|u|m−2u− |uh|m−2uh
∥∥2

L2(T )

}
. (5.24)

Proof. The proof follows the same bubble-function argument used in Lemma 5.6. Indeed, define

χT := g + ν∆uh − Duh − F|uh|m−2uh −∇ph in T .

For simplicity of exposition, throughout this argument we assume that the Forchheimer contribution
|uh|m−2uh is polynomial on each element T ∈ Th. The general case can be treated by replacing
this term with a suitable local polynomial projection. The corresponding projection error gives rise
to additional higher-order terms in the efficiency estimate, which are omitted here for the sake of
conciseness. Under this assumption, χT belongs to a finite-dimensional polynomial space on T . Hence,
using the vector-valued version of (C.4), we obtain

‖χT ‖2L2(T ) ≤ c1(χT , φTχT )T .

Then, we employ the strong form of the Brinkman–Forchheimer equation (2.7a), namely,

−ν∆u + Du + F |u|m−2u +∇p = g in Ω.

Combining this equation with the definition of the discrete residual χT , testing the resulting residual
identity with φTχT , and integrating by parts over T , we obtain

(χT , φTχT )T = ν(∇eu,∇(φTχT ))T + D(eu, φTχT )T − (ep, div(φTχT ))T

+ F
(
|u|m−2u− |uh|m−2uh, φTχT

)
T
.

Using the standard bubble-function estimate, the Cauchy–Schwarz inequality, the inverse estimate
(C.7), and the bound 0 ≤ φT ≤ 1, we deduce that

‖χT ‖2L2(T ) ≤ C
(
h−1
T ‖∇eu‖L2(T ) + ‖eu‖L2(T ) + h−1

T ‖ep‖L2(T )

+
∥∥|u|m−2u− |uh|m−2uh

∥∥
L2(T )

)
‖χT ‖L2(T ) .

After cancelling the common factor ‖χT ‖L2(T ), multiplying the resulting inequality by hT , and using
hT ‖eu‖L2(T ) ≤ C‖eu‖H1(T ), we obtain

hT ‖χT ‖L2(T ) ≤ C
(
‖eu‖H1(T ) + ‖ep‖L2(T ) + hT

∥∥|u|m−2u− |uh|m−2uh
∥∥
L2(T )

)
.

Finally, squaring the last inequality yields (5.24). �
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Lemma 5.8 There exists a positive constant C, independent of h, such that, for each e ∈ Eh(Ω), there
holds

he ‖[[(2µ ε(ηh)− θhI)n]]‖2L2(e)

≤ C

{ ∑
Te∈ωe

(
h2
T ‖fp + div (2µ ε(ηh)− θhI) ‖2L2(Te) + ‖eη‖2H1(Te) + ‖eθ‖2L2(Te)

)}
, (5.25)

and

he ‖[[(ν∇uh − phI)n]]‖2L2(e) ≤ C

{ ∑
Te∈ωe

(
h2
T ‖g + ν∆uh − Duh − F|uh|m−2uh −∇ph‖2L2(Te)

+ ‖eu‖2H1(Te) + ‖ep‖2L2(Te) + h2
e

∥∥|u|m−2u− |uh|m−2uh
∥∥2

L2(Te)

)}
, (5.26)

where ωe denotes the patch formed by the two elements of Th sharing the edge/face e.

Proof. We prove only (5.26), since (5.25) follows analogously. Let χe := [[(ν∇uh − phI)n]] on e.
Proceeding as in [3, Lemma 4.5], we apply the vector-valued version of the facet-bubble estimate
(C.5) and integrate by parts over each Te ∈ ωe. This yields

‖χe‖2L2(e) ≤ c2‖φ1/2
e χe‖2L2(e) = c2 〈[[(ν∇uh − phI)n]] , φe L(χe)〉e

= c2

∑
Te∈ωe

〈(ν∇uh − phI)nTe , φe L(χe)〉∂Te

= c2

∑
Te∈ωe

{
(ν∇uh − phI,∇(φe L(χe)))Te + (ν∆uh −∇ph, φe L(χe))Te

}
,

where L denotes the vector-valued version of the extension operator L defined in (C.3). Now, from the
Brinkman–Forchheimer equation in (2.7a), and then, integrating by parts once more on each Te ∈ ωe,
and adding and subtracting suitable terms, we get

‖χe‖2L2(e) ≤ c2

∑
Te∈ωe

{(
g + ν∆uh − Duh − F|uh|m−2uh −∇ph, φe L(χe)

)
Te

+ (ν∇(uh − u)− (ph − p)I,∇(φe L(χe)))Te

+
(
D(uh − u) + F

(
|uh|m−2uh − |u|m−2u

)
, φe L(χe)

)
Te

}
.

Then, applying the Cauchy–Schwarz inequality, we first obtain

‖χe‖2L2(e) ≤ c2

∑
Te∈ωe

{∥∥g + ν∆uh − Duh − F|uh|m−2uh −∇ph
∥∥
L2(Te)

‖φeL(χe)‖L2(Te)

+
(
ν‖∇eu‖L2(Te) + ‖ep‖L2(Te)

)
‖∇(φeL(χe))‖L2(Te) (5.27)

+
(
D‖eu‖L2(Te) + F

∥∥|u|m−2u− |uh|m−2uh
∥∥
L2(Te)

)
‖φeL(χe)‖L2(Te)

}
.

On the other hand, by the inverse inequality (C.7), applied with ` = 1 and m = 0, by the face-bubble
estimate (C.6), using that 0 ≤ φe ≤ 1 (cf. (C.2)), and that he ≤ hTe , we have, for each Te ∈ ωe,

‖φeL(χe)‖L2(Te) ≤ ‖φ1/2
e L(χe)‖L2(Te) ≤ c4h

1/2
e ‖χe‖L2(e) , (5.28)
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and

‖∇(φeL(χe))‖L2(Te) ≤ Ch−1
Te
‖φeL(χe)‖L2(Te) ≤ Ch−1

Te
h1/2
e ‖χe‖L2(e) ≤ Ch−1/2

e ‖χe‖L2(e) . (5.29)

Consequently, replacing (5.28) and (5.29) into (5.27), dividing by ‖χe‖L2(e), and multiplying by h
1/2
e ,

we infer that

h1/2
e ‖χe‖L2(e) ≤ C

∑
Te∈ωe

{
hTe

∥∥g + ν∆uh − Duh − F|uh|m−2uh −∇ph
∥∥
L2(Te)

+ ‖eu‖H1(Te) + ‖ep‖L2(Te) + he
∥∥|u|m−2u− |uh|m−2uh

∥∥
L2(Te)

}
.

Squaring the previous estimate yields (5.26). The proof of (5.25) is obtained in the same way, using
χe := [[(2µ ε(ηh)− θhI)n]] on e, together with the mechanical equation in (2.7a). �

In order to complete the global efficiency estimate for Ξ (cf. (5.1)), it remains to control the nonlinear
term appearing in the upper bound established in Lemma 5.7 and 5.8. To this end, using (4.18) and
the continuous embedding i2(m−1) : H1(Ω) ↪→ L2(m−1)(Ω), we obtain∑

T∈Th

∥∥|u|m−2u− |uh|m−2uh
∥∥2

L2(T )
=
∥∥|u|m−2u− |uh|m−2uh

∥∥2

L2(Ω)

≤ C
(
‖u‖L2(m−1)(Ω) + ‖uh‖L2(m−1)(Ω)

)2(m−2)
‖u− uh‖2L2(m−1)(Ω)

≤ C
(
‖u‖H1(Ω) + ‖uh‖H1(Ω)

)2(m−2) ‖eu‖2H1(Ω) .

Furthermore, by the continuous and discrete a priori estimates (3.17) and (4.3), the factor involving
‖u‖H1(Ω) and ‖uh‖H1(Ω) is bounded in terms of the data. Consequently,∑

T∈Th

∥∥|u|m−2u− |uh|m−2uh
∥∥2

L2(T )
≤ Cdata ‖eu‖2H1(Ω) , (5.30)

where Cdata > 0 is independent of h. Thus, we have arrived at the main result of this section.

Theorem 5.9 Let ((η,u), (θ, p)) ∈ H×Q and ((ηh,uh), (θh, ph)) ∈ Hh ×Qh be the unique solutions
of (2.12) and (4.2), respectively. Then Ξ is efficient. More precisely, there exists a positive constant
Ceff, independent of h, such that

Ceff Ξ + h.o.t. ≤ ‖(eη, eu)‖H + ‖(eθ, ep)‖Q . (5.31)

Proof. Assume first that fp, g, and g are piecewise polynomial functions. In this case, the estimate
follows directly from Lemmas 5.5, 5.6, 5.7, and 5.8, together with (5.30), after summing the corre-
sponding local bounds over all T ∈ Th. If the data are not piecewise polynomial, the same argument
can be carried out by using suitable local polynomial approximations of the data, as in [16, Section 6.2].
This gives the additional higher-order contribution denoted by h.o.t. in (5.31). �

Remark 5.1 The continuous, discrete, and error analyses developed in this paper extend, with minor
modifications, to spatially varying coefficients ν, D, F, and µ, while keeping s0, α, and λ constant.
It suffices to assume that ν, D, and µ are essentially bounded and uniformly positive, and that F is
essentially bounded and nonnegative. For the residual-based a posteriori analysis, suitable element-
wise regularity is additionally required, and the residuals and normal-flux jumps must be written in
divergence form. Related treatments can be found in [10]. Spatially varying coefficients λ = λ(x)
and s0 = s0(x) are not directly covered by the present framework, since they affect the zero-mean and
compatibility conditions imposed on the scalar unknowns (cf. (2.6)). Their treatment would require a
suitable modification of the formulation and is left for future work.
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6 Numerical results

In this section, we assess the performance and accuracy of the mixed-primal scheme (4.2). In particular,
we illustrate its locking-free behavior and the reliability and efficiency of the a posteriori error estimator
Ξ (cf. (5.1)). The computational results were obtained using FreeFEM [29]. The nonlinear algebraic
system arising from (4.2) is solved by means of a Newton–Raphson algorithm with fixed tolerance
tol = 10−6. More precisely, the iterative process is stopped whenever the relative difference between
two successive iterates of the full coefficient vector coeffn and coeffn+1 satisfies

‖coeffn+1 − coeffn‖DoF
‖coeffn+1‖DoF

≤ tol ,

where ‖ · ‖DoF denotes the standard Euclidean norm and DoF represents the total number of degrees of
freedom associated with the finite element subspaces involved.

The individual and global errors, and the effectivity index for the estimator Ξ are defined as

e(η) := ‖η − ηh‖H1(Ω) , e(u) := ‖u− uh‖H1(Ω) , e(θ) := ‖θ − θh‖L2(Ω),

e(p) := ‖p− ph‖L2(Ω) , etot :=
(
e(η)2 + e(u)2 + e(θ)2 + e(p)2

)1/2
, eff :=

etot
Ξ

.

Since h ' DoF−1/d for quasi-uniform meshes, the experimental convergence rates are computed in
terms of the total number of degrees of freedom. More precisely, for two consecutive meshes, we define

r(?) := −d log(e(?)/e′(?))

log(DoF/DoF′)
for each ? ∈ {η,u, θ, p} .

where DoF and DoF′ denote the total degrees of freedom associated with two consecutive meshes with
errors e(?) and e′(?), respectively. The convergence rate of the total error, denoted by rtot, is defined
analogously by replacing e(?) and e′(?) with etot and e′tot, respectively.

Some of the numerical experiments presented below involve spatially varying model coefficients. In
accordance with Remark 5.1, the tests with heterogeneous ν, D, F, or µ, but constant α and λ, are
understood within the natural extension of the analysis to bounded and uniformly positive coefficients.
Example 2 requires an additional qualification, since both Lamé coefficients, including λ = λ(x), are
obtained from the heterogeneous SPE10 porosity field [17]. Consequently, this experiment does not
fall entirely within the theoretical framework established in the preceding sections. We nevertheless
include it as an exploratory computational extension of the proposed method to a highly heterogeneous
poroelastic medium. The resulting numerical behavior motivates the development of a modified total-
pressure formulation and a corresponding analysis for spatially varying λ, which will be addressed in
future work. For the experiments involving spatially varying coefficients, the corresponding differential
operators and residual terms are understood in divergence form. In particular, when ν = ν(x), the
Brinkman diffusion operator is written as −div(ν∇u), and the associated element residual and normal-
flux jump are modified accordingly.

The adaptive procedure follows the standard strategy proposed in [42]:

(1) Start with a coarse mesh Th.

(2) Solve the nonlinear discrete problem (4.2) on the current mesh Th by means of Newton’s method.

(3) Compute the local indicator ΞT for each T ∈ Th, where

ΞT := Ξ1,T + Ξ2,T (cf. (5.2) and (5.3)) .
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(4) Check the stopping criterion and decide whether to finish or go to next step.

(5) Use the automatic meshing algorithm adaptmesh [30, Section 9.1.9] to refine each element T ′ ∈ Th
satisfying

ΞT ′ ≥ Cadm
1

#Th

∑
T∈Th

ΞT , Cadm ∈ (0, 1),

where #Th denotes the number of elements of the current mesh.

(6) Replace Th by the resulting refined mesh and return to step (2).

In particular, Cadm is chosen as 0.83 for Examples 3 and 4, whereas for Example 5 we consider 0.85.

Example 1: Robustness with respect to the nearly incompressible limit

We first validate the convergence rates and assess the robustness of the numerical method (4.2) in
a two-dimensional setting. The main purpose of this example is to verify that the method does not
suffer from locking when approaching the nearly incompressible regime. The computational domain
is the unit square Ω := (0, 1)2, and we set m = 4. The physical and model parameters are chosen as

s0 = 1 , α = 0.9 , ν = 1 , D = 1 , µ = 1 , F = 10 .

The robustness with respect to incompressibility is tested by varying the Lamé parameter λ ∈
{1, 103, 106, 1012}. Hence, the largest value corresponds to a regime very close to incompressibil-
ity. The data are manufactured so that the exact solution is given by the following smooth functions.
For x = (x1, x2) ∈ Ω, let

ψ(x) :=
2∏
i=1

xi(1− xi) .

The displacement field is defined by

η(x) :=

(
π sin2(πx1) sin(2πx2)

−π sin2(πx2) sin(2πx1)

)
+

1

2λ
ψ(x)

(
1

1

)
.

The velocity field and the pressure are given by

u(x) :=

(
sin2(πx1) sin(πx2)

− sin(πx1) sin2(πx2)

)
and p(x) := sin(πx1) cos

(πx2

2

)
− 4

π2
.

Notice that η = 0 and u = 0 on ∂Ω. In addition, the pressure has zero mean over Ω. The dominant
part of the displacement field is divergence-free, whereas the compressible perturbation is scaled by
λ−1. Therefore, as λ−1 → 0, the exact solution remains smooth while the problem approaches the
nearly incompressible limit.

We consider two inf-sup stable finite element families: the MINI element P1,b−P1 and the Taylor–
Hood element P2 − P1. For each value of λ, the problem is solved on a sequence of quasi-uniform
meshes. The corresponding convergence histories are displayed in Figure 6.1. In each case, the dashed
line represents the algebraic reference behavior DoF−k/2, which corresponds to an hk convergence
rate under quasi-uniform refinement, with k = 1 for the MINI element and k = 2 for the Taylor–
Hood element. The results show that the expected convergence behavior is preserved as λ increases,
providing numerical evidence of the locking-free character of the method.

26



Figure 6.1: [Example 1] Convergence histories for the MINI element, k = 1, and the Taylor–Hood
element, k = 2, for λ ∈ {1, 103, 106, 1012}. The dashed lines represent the algebraic reference behavior
DoF−k/d, corresponding to an hk convergence rate under quasi-uniform refinement.

We next investigate the sensitivity of the method with respect to the storage coefficient s0. For
this purpose, we fix λ = 1 and consider s0 ∈ {10−3, 10−6, 10−12}. This test assesses the behavior of
the discretization as the storage coefficient approaches the degenerate limit s0 = 0. The results are
displayed in Figure 6.2. The left column corresponds to the MINI element, whereas the right column
corresponds to the Taylor–Hood element. Each row represents one value of s0, and the dashed lines
denote the reference slopes hk. We observe that the convergence histories are essentially unaffected by
the variation of s0. In particular, no visible loss of accuracy is observed when passing from s0 = 10−3

to s0 = 10−12. The expected convergence rates are preserved for both finite element families, and the
behavior of the total error is consistent with the corresponding reference slopes. These results provide
numerical evidence of the robustness of the proposed discretization with respect to small values of the
storage coefficient.

Example 2: Flow through a strongly heterogeneous porous medium

In this example, we consider a two-dimensional heterogeneous benchmark based on the Society of
Petroleum Engineers 10th Comparative Solution Project (SPE10) data set [17], accessed and processed
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Figure 6.2: [Example 1] Convergence histories for the MINI element, k = 1, and the Taylor–Hood
element, k = 2, for s0 ∈ {10−3, 10−6, 10−12}, with fixed λ = 1. The dashed lines represent the algebraic
reference behavior DoF−k/d, corresponding to an hk convergence rate under quasi-uniform refinement.

using the SPE10 module of the MATLAB Reservoir Simulation Toolbox (MRST) [34]. The design of
the experiment is also motivated by the poroelasticity benchmarks presented in [32, 36]. The aim is
to assess the behavior of the proposed scheme in a highly heterogeneous medium and to illustrate the
interaction between permeability channels, nonlinear Forchheimer resistance, pressure gradients, fluid
velocity, and poroelastic deformation.

Using MRST 2026a, we extract the 85th layer of the SPE10 model, which contains 60× 220 cells.
Since each cell has physical dimensions 20 ft × 10 ft, the computational domain is Ω = (0, 365.76) ×
(0, 670.56), with lengths expressed in meters. Each rectangular cell is split into two triangles, yield-
ing a mesh with 26,400 triangular elements. For the spatial discretization, we employ Taylor–Hood
finite element spaces, consisting of continuous piecewise quadratic elements for the two vector-valued
unknowns and continuous piecewise linear elements for the total and pore pressures. The scalar per-
meability used in the two-dimensional model is obtained from the horizontal SPE10 permeabilities
as κ =

√
κxκy. Since κ spans several orders of magnitude, we introduce the normalized permeability

κ̂ = κ
κref

, κref = exp
(

1
|Ω|(log κ, 1)Ω

)
, and define the Darcy coefficient by D = D0

κ̂ . Here, D0 > 0 is a

reference Darcy resistance parameter controlling the global flow regime, while κ̂ preserves the spatial
variability and channelized structure of the SPE10 permeability field.
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The SPE10 porosity field φ is also used to prescribe the spatially varying elastic properties of the
porous skeleton. To this end, we consider the empirical porosity–Young modulus relation

E(x) = E0

(
1− φ(x)

φref

)2.1

, E0 = 102 , φref = 0.5 .

The parameter E0 denotes the reference Young’s modulus used in the dimensionless simulation. The
corresponding Lamé coefficients are defined by

µ(x) =
E(x)

2(1 + νs)
and λ(x) =

E(x)νs
(1 + νs)(1− 2νs)

,

where the Poisson ratio is fixed as νs = 0.25. Thus, regions with larger porosity exhibit a softer elastic
response, whereas regions with lower porosity are comparatively stiffer.

We impose homogeneous boundary conditions on the whole boundary. The source term represents
two injection wells and one production well located at

P1 = (119, 578), P2 = (155, 130), P3 = (175, 360) .

More precisely, we define

g(x) = 0.01 exp

(
−|x− P1|2

1500

)
+ 0.01 exp

(
−|x− P2|2

1500

)
− 0.02 exp

(
−|x− P3|2

1500

)
− g0 ,

where g0 is chosen such that g has zero mean value. The denominator 1,500 corresponds to a smooth
Gaussian regularization of the wells over several grid cells, avoiding point-source singularities while
keeping the injection and production effects localized. The vector-valued source terms in the mechan-
ical equilibrium and fluid momentum equations are set to zero, namely, fp = 0 and g = 0 in Ω. The
parameters used in the flow model are

s0 = 10−6, ν = 0.1, α = 0.95, m = 3, and D0 = 5× 10−2 .

To investigate the influence of the nonlinear Forchheimer resistance, we consider the values F ∈
{5, 0.5, 10−2, 0}, while keeping all the remaining parameters fixed. The case F = 0 corresponds to the
Brinkman regime and is included as a reference, whereas the positive values of F allow us to assess
the progressive damping induced by the nonlinear inertial correction.

Figure 6.3 displays the logarithm of the original permeability field, log10(κ), together with the
Lamé coefficients λ and µ. These fields reflect the mechanical heterogeneity induced by the SPE10
porosity distribution. Figure 6.4 shows a sweep with respect to the Forchheimer coefficient, namely F ∈
{5, 0.5, 10−2, 0}. The same color scale is used in all panels in order to make the comparison meaningful.
For large values of F, the nonlinear resistance term F|uh|m−2uh strongly damps the flow, and the
velocity remains concentrated mainly near the injection and production regions. As F decreases,
the damping effect becomes weaker and the preferential paths associated with the high-permeability
channels become progressively more visible. In the limiting case F = 0, the velocity field exhibits the
largest peaks and the most developed channelized structure. This comparison shows that the SPE10
permeability distribution determines the main flow pathways, whereas the Forchheimer term controls
their intensity. In particular, increasing F does not create new preferential paths, but reduces the
magnitude of the velocity along the existing high-permeability channels. Figure 6.5 displays the fluid
pressure and displacement magnitude for the nonlinear case F = 10−2. The pressure field exhibits
localized variations near the injection and production wells, whereas the displacement remains small
in magnitude but reflects the coupled poroelastic response induced by the pressure distribution and
the heterogeneous elastic coefficients.
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Figure 6.3: [Example 2] Heterogeneous fields used in the simulation. From left to right: logarithm of
the permeability log10(κ), Lamé coefficient µ, and Lamé coefficient λ.

Figure 6.4: [Example 2] Computed velocity magnitude ‖uh‖ for the heterogeneous porous-medium
benchmark and different values of the Forchheimer coefficient. From left to right: F = 5, F = 0.5,
F = 10−2, and F = 0. The same color scale is used in all panels.

Example 3: Adaptive refinement on a two-dimensional L-shaped domain

We now assess the performance of the adaptive refinement strategy driven by the a posteriori error
estimator Ξ on a two-dimensional L-shaped domain. The aim of this example is to test the ability
of the estimator to identify and resolve localized regions of high pressure gradient in a nonconvex
domain and under a nearly incompressible regime. We consider Ω := (−1, 1)2 \

(
(0, 1) × (−1, 0)

)
,

whose reentrant corner is located at the origin. Homogeneous Dirichlet boundary conditions are
imposed on the displacement and velocity fields, and we employ the Taylor–Hood finite element pair
P2 − P1. The model parameters are chosen as

s0 = 10−6, α = 0.9, ν(x) = exp(−x1x2), D = 102, λ = 1012, µ = 1, F = 10, m = 4.
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Figure 6.5: [Example 2] Computed fluid pressure ph (left) and displacement magnitude ‖ηh‖ (right)
for the nonlinear case F = 10−2.

The data are manufactured so that the exact solution is given by the following functions. For x =
(x1, x2) ∈ Ω, let

ϕ(x) :=
2∏
i=1

xi(1− x2
i ).

The displacement field is defined by

η(x) :=

(
∂x2(ϕ2)

−∂x1(ϕ2)

)
+

1

λ

(
ϕ(x) sin(πx1)

ϕ(x) cos(πx2)

)
,

whereas the velocity field and the pressure are given by

u(x) :=

(
ϕ(x) sin(πx1)

ϕ(x) cos(πx2)

)
and p(x) := 10 arctan

(
x1 + x2

0.01

)
+

x1 − 0.1

(x1 − 0.1)2 + (x2 + 0.1)2
− p0 ,

where p0 is chosen so that p has zero mean in Ω. Notice that η = 0 and u = 0 on Γ. In addition,
the first vector field in the definition of η is divergence-free, whereas the compressible perturbation is
scaled by λ−1. Therefore, λdiv(η) remains uniformly bounded as λ increases. The total pressure is then
defined by θ = αp− λdiv(η) (cf. (2.5)), and the right-hand side data are obtained by substituting the
exact solution into the governing equations. The pressure contains two distinct localized features. The
arctangent term generates a steep internal layer along the diagonal x1 + x2 = 0, whereas the rational
term produces a large pressure variation near the reentrant corner. Since the point (0.1,−0.1) lies in
the removed quadrant, its pole is outside the computational domain and p remains smooth throughout
Ω.

Tables 6.1 and 6.2 compare the performance of uniform and adaptive refinement strategies. Both
approaches reduce the error and estimator as the mesh is refined. However, the adaptive strategy
is significantly more efficient in terms of degrees of freedom. Indeed, under uniform refinement, the
smallest reported total error is 3.091 × 10−1, obtained with 251,668 degrees of freedom. In contrast,
the adaptive strategy already reaches a smaller total error, 1.356× 10−1, with only 22,382 degrees of
freedom, and further reduces it to 5.537× 10−2 with 42,940 degrees of freedom. This shows that the
local refinement driven by Ξ concentrates the computational effort near the dominant high-gradient
regions and avoids unnecessary refinement away from them.
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Uniform refinement on the two-dimensional L-shaped domain

DoF h it e(η) r(η) e(u) r(u) e(θ) r(θ)

1,120 3.750e-01 3 3.295e+00 – 2.256e+00 – 9.303e+00 –
4,304 1.901e-01 3 2.535e+00 0.39 2.330e+00 -0.05 5.115e+00 0.89

16,162 9.943e-02 3 6.372e-01 2.09 7.824e-01 1.65 1.333e+00 2.03
63,638 5.240e-02 3 2.474e-01 1.38 3.924e-01 1.01 5.776e-01 1.22

251,668 2.731e-02 3 7.618e-02 1.71 1.241e-01 1.67 1.823e-01 1.68

e(p) r(p) etot rtot Ξ eff(Ξ)

1.081e+01 – 1.481e+01 – 8.433e+01 0.1756
6.529e+00 0.75 8.980e+00 0.74 4.146e+01 0.2166
1.466e+00 2.26 2.223e+00 2.11 1.576e+01 0.1411
6.410e-01 1.21 9.797e-01 1.20 5.560e+00 0.1762
2.028e-01 1.67 3.091e-01 1.68 1.814e+00 0.1704

Table 6.1: [Example 3] Convergence history, estimator values and effectivity indices for the Taylor–
Hood approximation under uniform refinement on the two-dimensional L-shaped domain. The rows
of the second block follow the same order as those of the first block.

The effectivity indices remain of the same order for both refinement strategies, which indicates that
the estimator captures the decay of the total error in a consistent way. This behavior is also reflected
in Figure 6.6, where the refined meshes concentrate around the reentrant corner and along the steep
pressure layer, consistently with the two localized high-gradient regions of the exact pressure. The
computed fields in Figure 6.7 illustrate the corresponding pressure layer, together with the velocity
and displacement magnitudes.

Example 4: Adaptive refinement on a three-dimensional L-shaped domain

We consider a three-dimensional extension of the adaptive test from Example 3. The purpose of this
experiment is to assess the ability of the estimator Ξ to identify and resolve a localized region of high
pressure gradient near a reentrant edge. The computational domain is given by

Ω :=
{
x = (x1, x2, x3) ∈ (−0.5, 0.5)× (0, 0.5)× (−0.5, 0.5) : x1 < 0 or x3 < 0

}
.

Equivalently, Ω is obtained by extruding, along the x2-direction, an L-shaped section in the (x1, x3)-
plane. Hence, the nonconvex geometry contains the reentrant edge {(0, x2, 0) : 0 < x2 < 0.5}. As in
the previous example, homogeneous Dirichlet boundary conditions are imposed on the whole boundary,
and we employ the Taylor–Hood finite element pair P2 − P1. The model parameters are chosen as

s0 = 10−2, α = 0.9, ν(x) = exp(−x1x2x3), D = 102, λ = 102, µ = 10, F = 10, m = 4.

The data are manufactured from smooth polynomial-trigonometric functions. To prescribe the exact
solution, we introduce the scalar function

γ(x) := x2(0.5− x2)
∏

i∈{1,3}

xi(xi + 0.5)(xi − 0.5).
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Adaptive refinement on the two-dimensional L-shaped domain

DoF h it e(η) r(η) e(u) r(u) e(θ) r(θ)

1,120 3.750e-01 3 3.295e+00 – 2.256e+00 – 9.303e+00 –
2,276 3.389e-01 3 9.199e-01 3.60 1.211e+00 1.75 1.906e+00 4.47
5,380 3.676e-01 3 2.960e-01 2.64 4.862e-01 2.12 6.785e-01 2.40

11,636 3.205e-01 3 9.847e-02 2.85 1.275e-01 3.47 2.788e-01 2.31
22,382 1.834e-01 3 3.244e-02 3.39 5.101e-02 2.80 8.150e-02 3.76
42,940 1.593e-01 3 1.496e-02 2.38 1.740e-02 3.30 3.416e-02 2.67
90,394 1.412e-01 3 7.656e-03 1.80 8.258e-03 2.00 1.577e-02 2.08

199,660 8.390e-02 3 2.723e-03 2.61 3.011e-03 2.55 6.980e-03 2.06
450,276 5.553e-02 3 1.291e-03 1.84 1.332e-03 2.01 3.086e-03 2.01

e(p) r(p) etot rtot Ξ eff(Ξ)

1.081e+01 – 1.481e+01 – 8.433e+01 0.1756
2.092e+00 4.63 3.213e+00 4.31 2.160e+01 0.1488
7.476e-01 2.39 1.159e+00 2.37 6.297e+00 0.1841
3.045e-01 2.33 4.432e-01 2.49 2.021e+00 0.2193
9.001e-02 3.73 1.356e-01 3.62 9.599e-01 0.1413
3.704e-02 2.73 5.537e-02 2.75 4.656e-01 0.1189
1.672e-02 2.14 2.560e-02 2.07 2.218e-01 0.1154
7.583e-03 2.00 1.108e-02 2.11 9.818e-02 0.1128
3.321e-03 2.03 4.898e-03 2.01 4.395e-02 0.1115

Table 6.2: [Example 3] Convergence history, estimator values and effectivity indices for the adaptive
Taylor–Hood approximation on the two-dimensional L-shaped domain. The rows of the second block
follow the same order as those of the first block.

The exact displacement and velocity are given by

η(x) := γ(x)

cos(πx1)

sin(πx2)

cos(πx3)

 and u(x) := γ(x)

sin(πx1)

cos(πx2)

sin(πx3)

 .

Notice that η = 0 and u = 0 on Γ. The pressure is prescribed as

p(x) =
0.25√

(x1 − 0.02)2 + (x3 − 0.02)2 + 0.0152
− p0,

where p0 is chosen so that p has zero mean in Ω. The regularized line {(0.02, x2, 0.02) : 0 < x2 < 0.5}
lies in the removed part of the domain. Consequently, the pressure is smooth throughout Ω, but
exhibits a strongly localized gradient near the reentrant edge. The total pressure θ is defined by (2.5),
and the right-hand side data are obtained by substituting the exact solution into (2.7). Hence, the
adaptive refinement is expected to concentrate in the region where the pressure variation is largest.

Tables 6.3 and 6.4 compare the uniform and adaptive refinement strategies. Both methods reduce
the individual errors and the total error as the mesh is refined. However, the adaptive strategy is
more efficient in terms of degrees of freedom. For instance, under uniform refinement, the total error
is reduced to 4.075× 10−2 with 286,258 degrees of freedom. In contrast, the adaptive method reaches
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Figure 6.6: [Example 3] Initial mesh and two adaptively refined meshes for the two-dimensional L-

shaped domain. From left to right: T (0)
h , T (5)

h , and T (8)
h .

Figure 6.7: [Example 3] Computed fields for the two-dimensional adaptive test. From left to right:
fluid pressure ph, velocity magnitude ‖uh‖, and displacement magnitude ‖ηh‖.

a smaller total error, 6.642× 10−3, with only 180,038 degrees of freedom. Similarly, the final adaptive
mesh yields etot = 2.048×10−3 with 863,048 degrees of freedom, whereas the final uniform mesh gives
etot = 1.259× 10−2 even with 1,470,892 degrees of freedom.

The effectivity indices remain stable and of the same order for both refinement strategies. Never-
theless, the adaptive procedure achieves substantially smaller errors with fewer degrees of freedom,
confirming that the estimator Ξ successfully concentrates the refinement near the dominant error re-

gion. This is also observed in Figure 6.8, where the sequence of meshes T (0)
h , T (3)

h , and T (4)
h shows

a progressive concentration of tetrahedra around the reentrant edge. The last panel displays the
computed pressure ph, whose largest variation occurs precisely near this edge. Hence, the adapted
meshes are consistent with the structure of the pressure field and with the localization predicted by
the estimator.

Example 5: A brain-shaped domain with a localized tumor-like source

We conclude with a three-dimensional test on an anatomical brain-shaped geometry. The aim of
this example is to assess the behavior of the adaptive algorithm on a nontrivial realistic geometry
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Figure 6.8: [Example 4] Three-dimensional adaptive test. From left to right: initial mesh T (0)
h ,

intermediate adapted mesh T (3)
h , final adapted mesh T (4)

h , and computed pore pressure ph.

and in the presence of localized spatial data. The computational domain is obtained from an atlas-
based segmentation by merging the gray and white matter regions. The initial mesh is intentionally
coarse, with 1,309 vertices and 3,913 tetrahedra, leading to 33,952 degrees of freedom for the MINI
discretization. This choice allows us to clearly observe the effect of the adaptive refinement process.

We consider a localized tumor-like perturbation placed inside the brain parenchyma. More precisely,
the lesion is represented by the smooth ellipsoidal profile

T (x) = exp

(
−3

[(
x1 − 0.55

0.045

)2

+

(
x2 − 0.48

0.055

)2

+

(
x3 − 0.55

0.045

)2
])

.

This function is used as a lesion marker and produces a highly localized material perturbation. In par-
ticular, it determines the region where the hydraulic resistance, Brinkman viscosity and Forchheimer
coefficient are locally modified. The scalar source term is chosen slightly wider than the lesion marker.
More precisely, we define

S(x) = exp

(
−

[(
x1 − 0.55

0.080

)2

+

(
x2 − 0.48

0.100

)2

+

(
x3 − 0.55

0.080

)2
])

.

On each mesh, this profile is normalized as Ŝ := S
(S,1)Ω

, so that (Ŝ, 1)Ω = 1. The compatible source

term is then defined by g(x) = 0.5 Ŝ(x) − 0.5
|Ω| , which satisfies (g, 1)Ω = 0. The source term mimics a

localized accumulation of fluid in the lesion region. We stress that this test is not intended to provide a
patient-specific tumor-growth model; rather, it is a simplified computational setting in which localized
data generate strong pressure and velocity gradients.

In order to incorporate spatially varying tissue properties, we consider space-dependent hydraulic
coefficients. The Darcy resistance is defined by

D(x) = H(x) + 30T (x),

where
H(x) = 1 + 0.20 sin(2πx1) sin(πx2) + 0.10 cos(2πx3)

represents a mild background heterogeneity of the healthy parenchyma. The term 30T (x) models an
increased hydraulic resistance near the lesion. Similarly, the Brinkman viscosity is chosen as

ν(x) = 10−1 (1 + 0.25T (x) + 0.10 sin(πx1) sin(πx3)) .
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Uniform refinement on the three-dimensional L-shaped domain

DoF h it e(η) r(η) e(u) r(u) e(θ) r(θ)

2,078 4.330e-01 2 2.936e-03 – 4.031e-02 – 1.403e-01 –
12,802 2.165e-01 2 2.372e-03 0.35 3.760e-02 0.11 8.706e-02 0.79
60,868 1.237e-01 2 1.627e-03 0.73 2.745e-02 0.61 5.525e-02 0.87

286,258 7.217e-02 2 7.691e-04 1.45 1.351e-02 1.37 2.568e-02 1.48
1,470,892 4.124e-02 2 2.054e-04 2.42 3.927e-03 2.26 7.992e-03 2.14

e(p) r(p) etot rtot Ξ eff(Ξ)

1.576e-01 – 2.148e-01 – 3.769e+00 0.0570
9.704e-02 0.80 1.357e-01 0.76 1.720e+00 0.0789
6.153e-02 0.88 8.715e-02 0.85 8.744e-01 0.0997
2.859e-02 1.48 4.075e-02 1.47 4.041e-01 0.1008
8.895e-03 2.14 1.259e-02 2.15 1.505e-01 0.0836

Table 6.3: [Example 4] Convergence history, estimator values and effectivity indices for the Taylor–
Hood approximation under uniform refinement on the three-dimensional L-shaped domain.

For the present simulation, we consider the nonlinear Brinkman–Forchheimer regime by taking

F(x) = 10−1 (1 + 20T (x)) .

Thus, the nonlinear inertial resistance is enhanced near the lesion. The localized source generates a
spatially concentrated fluid response, whereas the heterogeneous Darcy and Forchheimer coefficients
modulate and damp the flow within the perturbed region.

The mechanical response of the poroelastic skeleton is described by constant effective Lam param-
eters. This choice is motivated by poroelastic brain-edema models in which the elastic coefficients
are obtained from a Young modulus and a Poisson ratio; see, for instance, [33]. Since the present
experiment is dimensionless, we do not use the dimensional values directly. Instead, we choose µ = 1
and λ = 102, which preserves, at the level of order of magnitude, the scale separation associated with
a nearly incompressible poroelastic response. The remaining dimensionless parameters are s0 = 10−4

and α = 0.9. The external body force in the poroelastic equation and the external vector force in the
Brinkman–Forchheimer equation are both set equal to zero. Hence, the coupled response is driven
by the localized source term, the spatial variation of the hydraulic coefficients, and the nonlinear
Forchheimer resistance.

In Table 6.5, we report the experimental convergence rate of the global estimator Ξ for six adapted
meshes. Here, r(Ξ) is defined analogously to the experimental error rates by replacing e(?) and e′(?)
with Ξ and Ξ′, respectively. Although the effectivity index cannot be computed for this example,
the decay of Ξ illustrates the ability of the proposed indicator to guide the refinement towards the
regions where the localized source term and the heterogeneous hydraulic coefficients generate the
dominant response. We also observe that the number of Newton iterations remains stable throughout
the refinement process. Figure 6.9 displays the computational domain, the lesion marker, the source
profile, the pressure, the velocity magnitude, and the final adapted mesh.
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Adaptive refinement on the three-dimensional L-shaped domain

DoF h it e(η) r(η) e(u) r(u) e(θ) r(θ)

2,078 4.330e-01 2 2.936e-03 – 4.031e-02 – 1.403e-01 –
6,254 3.536e-01 2 1.938e-03 1.13 3.033e-02 0.77 7.516e-02 1.70

28,642 2.324e-01 2 8.882e-04 1.54 1.510e-02 1.37 2.816e-02 1.94
180,038 1.444e-01 2 1.240e-04 3.21 2.180e-03 3.16 4.239e-03 3.09
863,048 8.701e-02 2 3.677e-05 2.33 6.532e-04 2.31 1.316e-03 2.24

e(p) r(p) etot rtot Ξ eff(Ξ)

1.576e-01 – 2.148e-01 – 3.769e+00 0.0570
8.347e-02 1.73 1.164e-01 1.67 1.374e+00 0.0847
3.125e-02 1.94 4.470e-02 1.89 4.382e-01 0.1020
4.623e-03 3.12 6.642e-03 3.11 7.212e-02 0.0921
1.426e-03 2.25 2.048e-03 2.25 2.222e-02 0.0922

Table 6.4: [Example 4] Convergence history, estimator values and effectivity indices for the adaptive
Taylor–Hood approximation on the three-dimensional L-shaped domain.

DoF 33,952 60,160 112,444 186,872 272,700 382,282
it 3 4 4 4 4 4

Ξ 4.17e+01 5.68e+00 2.25e+00 1.64e+00 1.35e+00 1.18e+00
r(Ξ) – 10.45 4.44 1.89 1.52 1.18

Table 6.5: [Example 5] Brain-shaped adaptive test: number of degrees of freedom, Newton iteration
count, global estimator Ξ, and experimental convergence rate of the global estimator for the MINI
element discretization.

7 Conclusions

In this paper, we introduced and analyzed a mixed-primal finite element formulation for the stationary
Biot–Brinkman–Forchheimer problem. The formulation incorporates the total pressure as an addi-
tional unknown, together with the solid displacement, fluid velocity, and pore pressure. This choice
allows the volumetric response of the porous skeleton to be treated separately from the pore pressure
and provides a suitable framework for the analysis of the nearly incompressible regime. The existence
and uniqueness of a solution to the continuous problem were established by exploiting the continuity
and strong monotonicity of the nonlinear Brinkman–Forchheimer operator, together with the stability
properties of the coupling terms. We also introduced conforming Galerkin approximations based on
Stokes-stable finite element pairs and proved the well-posedness of the resulting nonlinear discrete
problem. In addition, a priori error estimates were derived with constants independent of the first
Lamé parameter λ. Consequently, the proposed method is locking-free and remains robust as the
porous skeleton approaches the nearly incompressible limit. A residual-based a posteriori error esti-
mator was also developed, and its reliability and efficiency up to higher-order terms were established.
The numerical experiments confirmed the theoretical convergence behavior and the robustness of the
method for large values of λ. They also showed that the estimator successfully guides the adaptive
refinement towards regions characterized by large pressure gradients. Further tests involving strongly
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Figure 6.9: [Example 5] Brain-shaped adaptive test with a localized tumor-like source. Top: left, com-
putational domain; middle, lesion marker T ; right, source profile S. Bottom: left, computed pressure
ph; middle, velocity magnitude ‖uh‖; right, final adapted mesh. The mesh refinement is concentrated
near the localized source region, indicating that the adaptive strategy successfully captures the main
features induced by the tumor-like perturbation.

heterogeneous permeability fields and complex two- and three-dimensional geometries illustrated the
flexibility of the proposed formulation in computationally challenging configurations.

A A discrete approximation result

The following lemma establishes the discrete approximation property used in the a priori error analysis.

Lemma A.1 Let ((η,u), (θ, p)) ∈ H × Q be the solution of (2.12). Let θ̂h ∈ Qθ
h and p̂h ∈ Qp

h be
the respective L2(Ω)-orthogonal projections of θ and p, and let Kh be defined by (4.6). Assume that,
for some s ∈ [1, k + 1], η,u ∈ H1+s(Ω) and θ, p ∈ Hs(Ω). Then, there exists a positive constant C,
independent of h, such that

inf
(ξh,vh)∈Kh

‖(η,u)− (ξh,vh)‖H

≤ C hs
((

1 +
‖B‖
βd

)(
‖η‖H1+s(Ω) + ‖u‖H1+s(Ω)

)
+
‖C‖
βd

(
‖θ‖Hs(Ω) + ‖p‖Hs(Ω)

))
. (A.1)
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Proof. Let (ζh,wh) ∈ Hh be arbitrary and define

Nh := C(θ̂h, p̂h)−G− B(ζh,wh) in Q′h . (A.2)

The discrete inf-sup condition (4.1) implies that the operator induced by B from Hh onto Q′h is
surjective. Hence, there exists (rh, sh) ∈ Hh such that

B(rh, sh) = Nh in Q′h (A.3)

and

‖(rh, sh)‖H ≤
1

βd
‖Nh‖Q′h . (A.4)

On the other hand, the second equation of (2.12), restricted to Qh, gives

G = C(θ, p)− B(η,u) in Q′h .

Using this identity in (A.2), we obtain

Nh = C(θ̂h, p̂h)− C(θ, p) + B(η,u)− B(ζh,wh) = C(θ̂h − θ, p̂h − p) + B(η − ζh,u−wh) .

The boundedness of B and C then yields

‖Nh‖Q′h ≤ ‖C‖‖(θ, p)− (θ̂h, p̂h)‖Q + ‖B‖‖(η,u)− (ζh,wh)‖H . (A.5)

Combining (A.4) and (A.5), we deduce

‖(rh, sh)‖H ≤
‖C‖
βd
‖(θ, p)− (θ̂h, p̂h)‖Q +

‖B‖
βd
‖(η,u)− (ζh,wh)‖H . (A.6)

We now define the corrected element (ζ̂h, ŵh) := (ζh+rh,wh+ sh). It follows from (A.2) and (A.3)
that

B(ζ̂h, ŵh) = B(ζh,wh) + B(rh, sh) = B(ζh,wh) + Nh = C(θ̂h, p̂h)−G ,

and hence (ζ̂h, ŵh) ∈ Kh (cf. (4.6)). Moreover, the triangle inequality and (A.6) imply

‖(η,u)− (ζ̂h, ŵh)‖H ≤
(

1 +
‖B‖
βd

)
‖(η,u)− (ζh,wh)‖H +

‖C‖
βd
‖(θ, p)− (θ̂h, p̂h)‖Q .

Finally, since the constructed element (ζ̂h, ŵh) belongs to Kh, we first bound the infimum over Kh

by the error associated with this particular element. Then, by the arbitrariness of (ζh,wh) ∈ Hh,

taking the infimum over Hh and using (APζ
h), together with the best-approximation properties of the

L2(Ω)-orthogonal projections (θ̂h, p̂h) and (APψ
h), yields (A.1) and concludes the proof. �

B Preliminaries for reliability

Let Eh denote the set of edges when d = 2 and faces when d = 3 of the triangulation Th, with
corresponding diameters denoted by he. We introduce the sets of boundary and interior facets

Eh(Γ) :=
{
e ∈ Eh : e ⊂ Γ

}
and Eh(Ω) := Eh \ Eh(Γ).
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For each T ∈ Th, we also define

Eh,T :=
{
e ∈ Eh : e ⊂ ∂T

}
, Eh,T (Ω) := Eh,T ∩ Eh(Ω), Eh,T (Γ) := Eh,T ∩ Eh(Γ).

Given an interior facet e = ∂T+ ∩ ∂T−, we denote by n+ and n− the unit normal vectors on e
pointing outward from T+ and T−, respectively. For a piecewise continuous tensor-valued function τ ,
its normal jump across e is defined by

[[τn]] := τ |T+n+ + τ |T−n−. (B.1)

Let us now recall the main properties of the Clément interpolation operators (cf. [21], [18]). Defining
Xh :=

{
vh ∈ C(Ω) : vh|T ∈ P1(T ) ∀T ∈ Th

}
and denoting by Xh its tensor version, we let

Ih : H1(Ω) → Xh and Ih : H1(Ω) → Xh be the usual Clément interpolation operator and its vector
version, respectively. Some local properties of Ih, and hence of Ih, are established in the following
lemma (cf. [18]):

Lemma B.1 There exist positive constants C1,I and C2,I , such that

‖v − Ih(v)‖L2(T ) ≤ C1,I hT ‖v‖H1(∆(T )) ∀T ∈ Th , (B.2)

and
‖v − Ih(v)‖L2(e) ≤ C2,I h

1/2
e ‖v‖H1(∆(e)) ∀ e ∈ Eh , (B.3)

where ∆(T ) := ∪
{
T ′ ∈ Th : T ′ ∩ T 6= ∅

}
and ∆(e) := ∪

{
T ′ ∈ Th : T ′ ∩ e 6= ∅

}
.

We also recall that, when homogeneous Dirichlet boundary conditions are imposed, one may use
the homogeneous Clément operator Ih,0 : H1

0(Ω) → Xh ∩ H1
0(Ω), obtained by setting to zero the

degrees of freedom associated with boundary nodes. The local estimates (B.2) and (B.3) remain
valid for Ih,0, with the same type of constants, independent of h. In particular, its vector version
Ih,0 : H1

0(Ω) → Xh ∩H1
0(Ω) satisfies the corresponding componentwise estimates. In what follows,

for simplicity of notation, we denote these homogeneous operators again by Ih and Ih.

C Preliminaries for efficiency

For the efficiency analysis of Ξ (cf. (5.1)), we proceed as in [26, 15, 12, 25] and employ a localization
technique based on element- and facet-bubble functions, together with inverse and discrete trace
inequalities. More precisely, given T ∈ Th and a facet e ∈ Eh,T , we denote by φT and φe the usual
element- and facet-bubble functions, respectively (cf. [42, eqs. (1.5) and (1.6)]), satisfying

φT ∈ Pd+1(T ), supp(φT ) ⊆ T, φT = 0 on ∂T, 0 ≤ φT ≤ 1 in T, (C.1)

and

φe|T ∈ Pd(T ), supp(φe) ⊆ ωe, φe = 0 on ∂ωe, 0 ≤ φe ≤ 1 in ωe, (C.2)

where ωe :=
⋃{

T ′ ∈ Th : e ∈ Eh,T ′
}

.

We also recall from [42] that, for each k ∈ N ∪ {0}, there exists an extension operator L : C(e) →
C(ωe) such that

L(p)|T ∈ Pk(T ) and L(p)|e = p ∀ p ∈ Pk(e) . (C.3)

The corresponding vector-valued extension, obtained by applying L componentwise, is denoted by L.
The specific properties of φT , φe, and L are collected in the following lemma, for whose proof we refer
to [42, Lemma 3.3].
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Lemma C.1 Given k ∈ N ∪ {0}, there exist positive constants c1, c2, c3, and c4, depending only on
k and the shape-regularity constant of the family {Th}h>0, such that, for each T ∈ Th and each facet
e ∈ Eh,T , there hold

‖φT q‖2L2(T ) ≤ ‖q‖
2
L2(T ) ≤ c1‖φ1/2

T q‖2L2(T ) ∀ q ∈ Pk(T ) , (C.4)

‖φeL(p)‖2L2(e) ≤ ‖p‖
2
L2(e) ≤ c2‖φ1/2

e p‖2L2(e) ∀ p ∈ Pk(e) , (C.5)

and
c3h

1/2
e ‖p‖L2(e) ≤ ‖φ1/2

e L(p)‖L2(T ) ≤ c4h
1/2
e ‖p‖L2(e) ∀ p ∈ Pk(e) . (C.6)

In turn, the aforementioned inverse inequality is stated as follows (cf. [21, Lemma 1.138]).

Lemma C.2 Let d ∈ {2, 3}, and let k, `, and m be nonnegative integers such that m ≤ `. Then, for
each T ∈ Th, there exists a constant c > 0, independent of h and T , but depending on k, `, m, d, and
the shape-regularity constant of the triangulation, such that

‖v‖H`(T ) ≤ c hm−`T ‖v‖Hm(T ) ∀ v ∈ Pk(T ). (C.7)
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